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. Preface
N

This book is intended for those who completed school studies and who had
calculus course and trigonometry course in schools. In the days when there were
no computers, numerical methods were used to simplify computational works done
by hand and mind. When main frame computers were introduced, there was a
need to reduce usage of memory space and computer time in calculations, for
which numerical methods were used. Even today, many recent researches claim
that the algorithms described in those research works reduce computer time. There
are many software packages to do computational works for almost all kinds of
fundamental mathematical problems using numerical methods. Because of the
existence of such packages, there are many natural questions. Do students who
completed school level mathematics necessarily need a book in numerical
methods? This question is raised because a student can solve numerical problems
by using packages without knowing subject. Packages never give accuracy of the
results obtained by users, and there are questions about reliability of the algorithms
used in packages. If a student is very particular in reliability of the answers he/ she
should write his/her own computer programs for his/her own chosen algorithm. If
a student is particular in developing a software package containing programs to

solve numerical problems, he/she should know the fundamental principles for
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numerical methods. This book is not an advanced level book, but it provides a
sufficient good introduction of deriving numerical methods. It should be
emphasized that there is no condition that only numerical methods described in
books should be applied. It has been mentioned at the end of the fourth chapter of
this book that some non formal methods may be used in deriving numerical
differentiation methods. In the beginning of the fifth chapter, the fundamental
principle in deriving numerical integration formulae has been explained. This will
help a student to derive his/her own formulae for numerical integration. This does
not mean that the book has got deviated from formal derivations. Almost all
fundamental formal numerical methods to solve algebraic equations, to solve
transcendental equations, to solve linear systems, to interpolate functions, to find
numerical values for differentiation, to find numerical values for integration, and to
solve ordinary differential equations with initial conditions, have been presented in
this book. The final chapter includes Picard’s method of successive
approximations. Fundamental results for interpolating polynomials have been
mentioned without proof. To avoid complexity, error analysis has not been
included. But, error analysis related physical interpretations of order of numerical
methods for solving differential equations have been explained in the sixth chapter.
Additional steps have been inserted in worked-out examples to increase

readability. This book also fulfills contents of syllabus of some courses for
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numerical methods prescribed in some universities. The present book has been
written by Dr. C. Ganesa Moorthy (Professor, Department of Mathematics,
Alagappa University, INDIA) with the financial support of RUSA —phase 2.0 grant
sanctioned vide Letter No. F. 24-51/2014-U, Policy (TNMulti-Gen), Dept. of Edn,

Govt. of India, Dt. 09.10.2018.
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CHAPTER-1

Algebraic and Transcendental Equations

The expression x3 —3x% + 2 is a polynomial (function) and x3 — 3x? + 2 =
0 is a polynomial equation. The value 1for x is a root or a zero of the polynomial
x3 — 3x% + 2 or the polynomial equation x3 — 3x% + 2 = 0. This means that if
we substitute x = 1 in the equation x3 —3x? + 2 =0, then this equation is
satisfied by this value. The function tan x — e* + 1 is not a polynomial, and hence
it is called a transcendental function. The corresponding equation tanx —e* +
1 =0 s a transcendental equation. The value 0 for x is a root or zero of the
function tanx — e* 4+ 1 or of the equation tanx —e* + 1 = 0. We also say that
x = 1is a solution of the polynomial equation x3 —3x? =—2, andx =0 is a

solution of the transcendental equation tanx —e* + 1 = 0.

This chapter is to present numerical methods to solve such equations.
Numerical methods provide numerical solutions which are numbers approximately
equal to solutions. In general, we consider a function f(x) or an equation f(x) =
0. We shall describe the following four methods to find solutions or roots of the

equation f(x) = 0.
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(i)  The bisection method,
(i) The iteration method,
(ili)  The method of false position, and

(iv) The Newton-Raphson method.

The bisection method:
Consider an equation f(x) = 0.
Initial step:

Find two points x; and x, by a trial and error method such that f(x;) =0
and f(x,) <0. If f(x;) =0 or f(x,) =0, then we stop our procedure. If
f(x1) = 0, then x4 is a solution; and if f(x,) = 0, then x, is a solution. Suppose
f(x1) >0and f(x,;) < 0. Then, we expect a solution in the interval with end
points x; and x,.

Step A:

X1+X2

Find x; = , the point which bisects the interval with the end points

x; and x,. If f(x3) = 0, then we stop our procedure and x; is an approximate
value for the solution. Otherwise, we consider the following two cases.
Case (i):

Suppose f(x3) > 0. Then x, remains as x,, and give a new value x5 for xy,

and repeat Step A.
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Case (ii):
Suppose f(x3) < 0. Then x;remains as x;, and give a new value x5 for

X, and repeat Step A.

Step A is repeated until we get a good value for x5 such that f(x3) = 0.

Remark:

This method works very slowly, but the convergence of this method is
always assured for continuous functions.
Example:
Solve x3 — 9x + 1 = 0 for a root between x = 2 and x = 4.
Solution:
Write f(x) =x3—9x+1. Then f(2)=23-9x2+1=-9<0and f(4) =

43 -9 x4+1=29>0. So,take x; = 4 and x, = 2 in the first iteration. Then

xy="2=2=3. Now, f(3)=3°-9x3+1=1>0. So, we now
consider the new x; =3 and x, = 2. Then x3=x1;’x2=32ﬁ=2.5. Now,

f(25)=(25)3-9%x25+1=-5875<0. So, we now consider the new

xy=3and x, =25. Then x3=""2=222=275_ Now, f(275) =

—2.9531 < 0. So, we now consider the new x; =3 and x, = 2.75. Then

x1+xp; 34275
2 2

X3 = = 2.875. Now, f(2.875) = —-1.1113 < 0. So, we now
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X1 +XZ _ 3+2.875

= 2.9375.
2 2

consider the new x; = 3 and x, = 2.875. Then x; =

Now, f(2.9375) = —0.0901 < 0. So, we now consider the new x; = 3 and

x; =2.9375.  Then x; == 3”;9375 = 2.96875. Now, f(2.96875) =

0.446258 > 0. So, we now consider the new x; = 2.96875 and x, = 2.9375.

xX1+x 2.96875+2.9375
Then x5 = 12 2 = >

= 2.953125 . Now, f(2.953125) =

0.175922 > 0. So, we now consider the new x; = 2.953125 and x, = 2.9375.

x1+x; _ 2.953125+2.9375
2 2

Then x3 = = 2.9453125 . Now, f(2.9453125) =

—0.04237794876 =~ 0. Therefore, we consider 2.9453125 as a good approximate
solution to the given equation.

The iteration method:

This title means a fixed point iteration method for us. Consider an equation
f(x) = 0. Rewrite this equation in the form g(x) = x. (For example, sinx —
e* = 0 can be written as x + sinx — e* = x). Avalue x* is called a fixed point of
the function g(x) if g(x*) = x*; that is, g fixes the value of x*as x*. Any fixed
point of g(x) becomes a solution of f(x) = 0. So, we have to find a fixed point of
g(x). Fix any point x,, which is initially considered as an approximate solution of
f(x) =0, findx; = g(xg), x; = g(x1), x3 = g(x3), .... . If x,, converges to x*

and g is continuous, then g(x,) converges to g(x*) so that x,.; = g(x,)
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converges to x* = g(x*). Thus, if nis very large, then, in general, x,, is a good

approximate solutionto g(x) = x or f(x) = 0.

Remark:

Suppose |g'(x)|<1 in some interval I in which we search for a solution of
f(x) = 0. Then the iteration procedure converges. If our selection of g(x) does
not satisfy this condition, then the convergence is not assured. For example, for
f(x) = cosx — 2x + 3 given in the next example, if we take g(x) = cosx —x +
3, then this condition is not satisfied near % and hence the corresponding method

sin x
2

may not converge. So, we take g(x) = %(Cosx + 3) so that | g (x)|=| |<1.

Example:
Use the method of iteration to find a root of the equation 2x = cosx + 3 correct to

three decimal places.

Solution: Write the given equation in the form x = %(Cosx + 3) with g(x) =
%(cos x + 3). We start with xy = % (radians). We have the following iterations.
1 1
X, = E(cosxo +3) = E(cos% + 3) = 1.5.
Xy = %(cos x1+3) = %(cos(l.S) + 3) = 1.535.
X3 = %(cos X, +3) = %(cos(1.535) + 3) = 1.518.

X4 = %(cos x3+3) = %(cos(1.518) + 3) = 1.526.
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X5 = %(cos X4 +3) = %(cos(1.526) + 3) = 1.522.

Xe = %(cos x5+ 3) = %(cos(1.522) + 3) = 1.524.

We take x = 1.524 as a good approximate solution to the given equation.

Remark:

A calculator or a cosine table may be used to evaluate cosine values. The scientific
calculator has to be kept in radian mode to evaluate the values for cosine function.
Example:

Find the positive square root of 2 by using an iteration method.

Solution: The required value is the positive solution of the equation x? = 2 or
x% — 2 = 0. Write this equationas (x — 1)(x +1) —1=0o0rx =1+ ﬁ If we

1
(1+x)2

1
(1+1)2

and |g'(1)|=]

take g(x) =1+ ﬁ then we have g'(x) = — |<1, and

hence we expect a convergence near the value 1. Take g(x) =1 +ﬁ and

xo = 1. We have the following iterations.

1 1
X1 = 1+1+x0_ 1+E— 1.5.
1 1
Xy _1+1+x1_1+_1+15 1.4
x3=1+ L =1+ =14167 (Correct to 4 decimals)
+x 1+1.4
1 1
X, =1+ =1+ = 1.4138.
1+x3 1+1.4167
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1 1

X5 = 1+ = 1+ rym = 14143,

=14+ —=1+——=14142

X6 = 1+xs 1+1.4143 '
1

X7 =1+ 14xg e A4,

Thus 1.4142 is an approximate value of v2 , which is correct to 4 decimal places.
Remark:
All four methods of this chapter are iteration methods. However, the phrase “an
iteration method” in this chapter refers to a fixed point iteration method. We shall
find that the Newton-Raphson method is a fixed point iteration method.
The method of false position (or) Regula-falsi method:

Consider an equation f(x) = 0.
Initial Step:

Find two points x; and x,, by a trial and error method, such that f(x;) =
0and f(x) <0. If f(x;) =0o0r f(xp) =0, the we stop our procedure. If
f(x1) = 0, then x4 is a solution; and if f(x,) = 0, then x, is a solution. Suppose
f(x1) >0and f(x,) < 0. Then, we expect a solution in the interval with end
points x; and x,.

Step A:

. _ Xp—X1 Xp—X1
Find x3 = x, — —=— f(xl)f( Xp) = f—(xz)_f(xl)f(xd, the value of x at

the point of intersection of the x-axis and the straight line joining the points
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(xq, f(x1)) and (x5, f(xy)) in the xy-plane. If f(x3) =~ 0, then we stop our
procedure, and x; is an approximate value for the solution. Otherwise, we
consider the following two cases.
Case (i):

Suppose f(x3) > 0. Then x, remains as x,, and give a new value x; for x;,
and repeat Step A.
Case (ii):

Suppose f(x3) < 0. Then x;remains as x;, and give a new value x5 for

X, and repeat Step A.

Step A is repeated until we get a good value for x5 such that f(x3;) = 0.
Remark:

Compare this method with the bisection method. We may find that the
difference occurs only in the formulae for computation of x;. However, the
convergence of the regula-falsi method is faster than the convergence of the
bisection method.

Example:

Find a real root of the polynomial x3 — 2x — 5.

Solution: Let us apply the regula-falsi method. Write f(x) = x3 — 2x — 5. Note

that f(2) =23 -2x2—-5=-1<0and f(3)=3>-2%x3-5=16 >0, and
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hence a root lies between 2 and 3. Take x; =3 and x, = 2. Now, x3 = x; —

o fa) =3~

TR f(3) =3 —-———=x16 =2.059. Now, f(x3) =

f(Z) f(3) 1+16
f(2.059) = —0.386 < 0. Therefore, we take x; =3 and x, = 2.059. Now,

2.059-3
f(2.059)—=f(3)

0.941
0.386+16

X 16 =

_ X2—X1
X3 =X~ ey ) =

fB)=3-
2.0812. Now, f(x3) = f(2.0812) < 0 (verify). Therefore, we take x; = 3 and

2.0812-3
£(2.0812)—f(3)

_X2TX1

x, = 2.0812 . Now, x3 =  fa)—f(xy)

———f() =3- fQ@3) =

2.0904. Now, f(x3) = f(2.0904) < 0 (verify). Therefore, we take x; = 3 and

2.0904—3
£(2.0904)—F (3)

X2—X1

" Fle)—f(xp)

Xy = 2.0904 . NOW, X3 = X1 f(xl) =3 - f(3) =

2.0934. Now, f(x3) = f(2.0934) = —0.0126 < 0. Therefore, we take x; = 3

2.0934—3
T £(2.0939)—F(3)

and Xy = 2.0934. NOW, X3 = X1 — s - f(xl) =

Flp)—f(xy) f3) =

0.9066
3 — Sotzes1e X 16 =2.0941 . Now, f(x3) = f(2.0941) = —-0.0051 =0 .

Therefore, we consider 2.0941 as a good approximate root to the given polynomial.

Example:

Use regula-falsi method to find a real root of the equation logx — cosx = 0
accurate to four decimal places after three successive approximations.
Solution: Write f(x) = logx — cosx. Observe that f(1) =logl —cos1 =0 —

0.5403 = -0.5403 <0 and f(2)=1log2—cos2 = 0.69315+ 0.41615 =
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1.1093 >0 . Therefore, we take x; =2 and x, =1. Now, x3 =x; —

X2—X1 . 1-2 _ _
fx2)- f(x1)f(x1) - 05403 —11093 < 11093 = 1.3275 ) the first

approximation. Then  f(x3) = f(1.3275) =1log1.3275 — cos 1.3275 =

0.2833 — 0.2409 = 0.0424 > 0. Therefore, we take x; = 1.3275 and x, = 1.

1-1.3275
T f(xy) = 1.3275 — —— =" x 0.0424 = 1.3037,

_X2TX1

 fa)—f)

Now, x3 =

the second approximation. Then f(x3) = f(1.3037) = 1.24816 X 1073 > 0.

_ _ _ X2—X1
Therefore, we take x; = 1.3037 and x, = 1. Now, x3 = S E f(xl)f( xX1) =
1-1.3037 : N
1.3037 — % 0.001248 = 1.3030, the third approximation. Then

—0.5403-0.001248

f(x3) = f(1.3030) = 0.000062045 ~ 0. Therefore, the required real root is
1.3030.
The Newton-Raphson Method:

Consider an equation f(x) = 0. Suppose f(xy) = 0 and f(xq + h) = 0.
Then, 0 =f(xy +h) = f(xy) + Af (xo) , by the Taylor’s theorem. Hence

f (o)
fxo)

where f(xo +h) = 0. Here, x5 — L&) g

f(xo)
h~—
f'(x0)

f(Xo) and X + h = Xo —

the x-value of the point of intersection of the x-axis and the tangent of the curve

y = f(x) at (xq, f(x0)). Define

 fG)
1 =% 7 Fay
. fow
2= TGy



f(xn)
Xn+1 = Xn — )

The last-equation formula is called the Newton-Raphson iteration formula. In
general, x, 1 IS a better approximate solution than x,,; and x,, converges to the
exact solution of f(x) = 0, asn — . Thus, x,, is a good approximate solution of
f(x) = 0, when n is sufficiently large.

Let us summarize the method:

Select some x, (sometimes it may be given), which is an initial approximate

solution to f(x) = 0. Find xq, x5, .... successively by using the formula x,,,; =

_ fw)

n T )

; for=20,1,2,... Stop the procedure, when n is sufficiently large or

when f(x,) = 0; and conclude that x,, is a good approximate solution to f(x) =
0.

Example:

Find a real root of the equation x> —x — 1 = 0, using Newton-Raphson method

correct to four decimal places.
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Solution: Write f(x) = x3 — x — 1 so that the given equation becomes f(x) = 0.

f(xn)

Then f'(x) = 3x%2 —1. Now the Newton-Raphson formula x,,; = x,, — o

x3—x,—1
becomes x,, .1 = x, — T Let us now take x, = 2. Then
8—xo—1 28-2-1
Xp = xg — 20— =2 — = = 154545,
3x§—1 3x22-1
o = 31 — x3—x1—1 _ 154545 — 1.545453—-1.54545—1 — 135961
2 L 352 ' 3x1.545452—1 ' !
3 3
x3—x,—1 1.359613-1.35961—1
= X, — = 1. 1-— = 1.32
X3 =%~ 535 3596 3x1.359612—1 32579,
X = e — x3—x3—1 — 132579 1.325793-1.32579—1 _ 132471
4T3 352 ' 3x1.325792—1 ' !
3 3
_ x3—x4—1 1.324713-1.32471-1
Xs = X4 — i1 1.32471 — xli e = 1.324718.

Since f(xs) = f(1.324718) = 1.838 x 10~7 ~ 0, we stop the procedure and
declare x5 as a good approximate solution. Thus, 1.3247 is a good approximate

solution to the equation.

Example:

Find a root of the equation x sin x + cos x = 0.

Solution: Here f(x) = xsinx +cosx and f'(x) = xcosx . Therefore the

Xy, Sin x, +cos x,

f(xn) b
- ecomes x =X, —
f(x) n+1 n X, COS X,

Newton-Raphson formula x, 1 = x,,

. Letus take xo = m = 3.1416. Then
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X Sin xy+cos xg T sin m+cos @

x| = Xg — =g -2 T~ 2.8233,
X COS X T COS TT
X1 Sin xq{+4cos x 2.8233 sin 2.8233 +cos 2.8233
Xy = X] — —— L =2.8233 — = 2.7986.
X1 COS Xq 2.8233 cos 2.8233

Since f(x;) = f(2.7986) = 2.7986 sin 2.7986 + cos 2.7986 = —0.0006 = 0
we conclude that x, is a good approximate solution to the given equation. Thus,
2.7986 is a good approximate root of the given equation.
Remarks:
(1) The Newton-Raphson method has a fastest convergence, when this is
compared with the remaining three methods. This facility is obtained at the
cost of evaluation of an additional function f'(x) in each iteration.

[

(2) The equation f(x) =0 can be written as x = X =

. and the

e

; is the
f(xn)

corresponding fixed point iteration formula x,.; = x,

Newton-Raphson formula. Thus, Newton-Raphson method is also a fixed
point iteration method.

(3) Consider two equations with two unknowns: f(x,y) =0,g(x,y) = 0. The
Newton iteration formula to solve this system is given by the following

matrix formula:
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of af\ !

*nt1) _ (Xn _|9x oy (f(xn:yn)) .
(yn+1) = ()’n) Z_g Z_g 906 ))" where we should begin
x 0Oy

at (Xn,yn)

with an approximation (x,,yo) for (x,y) and apply the iteration formula
again and again till f(x,,v,) = (0,0) and g(x,,y,) = (0,0).

(4) For linear systems, one has more simple iteration formulae. Consider the
linear system: a;x + a,y + a3z = dq; byx + b,y + b3z = d,; c1x + ¢,y +
c3z =d3. The Jacobi’s iteration formula to solve this system is the

following system of iteration formulae:
1 .
Xn+1 = Z(dl — QY — A3Zy) ;
1 :
Yn+1 = E(dz — byx, — b32z,);

Znt1 = é(d3 — C1Xy — C2Vn).
This method given in (4) provide only approximate numerical
solutions, but with an advantage of requiring less processing memory when they
are compared with the methods which provide exact solutions which are discussed

in the next chapter.

Final Remarks:
Bisection method provides an idea of developing other methods according to

nature of our problems. The methods discussed in this chapter are classical
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methods. One may design methods according to the nature of problems, for

practical purposes.

Exercises:

(1) Obtain a root, correct to 3 decimal places, for each of the following
equations by using the bisection method: (8) x> —3x —5 =10; (b) x3 —
4x —9 = 0.

(2)Use the method of false position to compute the root of the equation
cosx — xe* = 0.

(3)Find a real root of the equation x3 —3x —5 = 0, by using the Newton-
Raphson method, by performing three iterations.

(4)Find a real root of the equation x = e™ by using the Newton-Raphson
method.

(5)Compute a root of the equation e* = x? to accuracy of 10™° using an
iterative method.

(6) Use an iterative method to find a real root of the following equations: (a)
. — . — 1 . —-X _—
xsinx =1; (b) x = T (c) e™ = 10x.

(7) Obtain the positive cube root of 12 by using the Newton-Raphson method.
(8)Find a real root of the equation x3 — x? — 1 = 0 by using the regula-falsi

method.
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(9) Find a solution of the equation sinx = 1 — x.

(10) Solve: sinx = %
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CHAPTER- 2

Systems of Linear Equations

Consider a system of linear equations:

ai1xq + ai2X» o +a1nxn = bl,
azi1XxX1 + Ay Xy o +a2nxn = b2,
A1 X1 + AppXp + 0 e A Xy, = by,

This system can also be written in the matrix form as

a1 A1z A\ /% by
az1 Az Qzn X2\ _ | by
An1 Anz2 -+ Gy Xn bn
le. AX =B.
This system consists of n equations with n unknowns. Here
11 A2 Qip X1
a1 a4z yn | . - i Xy .
A= . . - | is the coefficient matrix, X = ~.° | is the unknown
Ap1 Ap2 - Qyy Xn
by
: b, \. :
variables-column vector and B =| ".“ | is the given constants-column vector.
by,
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There are two major branches in the methods to solve this system. One
type consists of iterative methods which may be repeated any number of times, and
they give only approximate solutions. We shall discuss the other type of direct
methods which give exact solutions within finite number of stages or iterations.
We shall discuss the following direct methods in this chapter:

(i)  Matrix inversion method;
(i)  Cramer’s rule;

(iii)  Gauss elimination method;
(iv) Gauss-Jordan method;
(v)  Triangularization method.

The first two methods are based on the determinants of the coefficient
matrices. The second two methods are elimination methods. The last method is
based on factorization, which is lengthy but it requires less processing memory.

There are three possibilities in the nature of the solutions of a linear system:
(i) Infinitely many solutions; (ii) Unique solution; (iii) No solution. We shall
discuss mainly the second type systems, which happens when and only when the
determinant of the coefficient matrix is not equal to zero.

Matrix inversion method:
Consider the system

ai1xq + a12Xy + o +a1nxn = bll
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A1 X1 + AppXy + 0 e A Xy = by

in the matrix form AX = B with

a1 iz Qi X1 b,
a1 Qpp arn X2 b
A= : - : , X=| . |,and B = ?
An1 An2 -+ Qyy Xn by,

Suppose A~! exists. Then the solution X of the system is given by X = A™!B.
Remark:

One may use any method to find the A~! of A. Finding inverses are
equivalent to solving the corresponding systems. This fact may be observed by
comparing the methods to find inverses with the methods to solve systems. We
shall use the adjoint method to find inverse in the next example.

Example:

Solve the system
x+y+z=1,

4x + 3y —z = 2;
3x+5y+ 3z =-1,;

by matrix inversion method.
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Solution: The given system is

1 1 1 X 1 1 1 1
(4 3 —1) (y) = ( 2 ) . Write A = (4 3 —1> .
3 5 3 z -1 3 5 3

ThendetA =(9+5) — (12 +3) + (20 — 9) = 10. Also,

adjA={-(12+3) 3-3) -(-1-d|=(-15 0 5

9+5) -B-5 (1-3) (14 2 —4)
(20-9) —(5-3) (3—4) 11 -2 -1

14 2 —4
-1 _ 1 s 1 _
Therefore, A= = —detAad] A= 10( 15 0 5 > . Hence,
11 -2 -1

x 1 (142 =41 (22 2.2
<J’>=A‘1<2)=E(—15 0 5><2>=5<—20>=<—2>.
z -1 11 -2 —-1/\-1 8 0.8

Thus, the solution of the systemis x = 2.2,y = -2 and z = 0.8.
Example:

Solve the system

3x+y+2z=3;

2x — 3y —z= -3

x+ 2y +z=4;

by matrix inversion method.

Solution: The given system is
3 1 2\ /x 3 3 1 2
2 -3 -1 (y) =|-3]. Write A=({2 -3 -1].
1 2 1/ \z 4 1 2 1
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ThendetA =3x(-34+2)—(2+4+1)+2x(4+ 3)=8. Also,

adjd=(-@+1) GB-2 —(3-4|=(-3 -1 7

(-3+2) —(1-4) (-1+6) (—1 3 5)
4+3) —(6-1) (-9-2) 7 -5 11/

-1 3 5
-1 1 gia=2_3 _
Therefore, A —detAad]A—8< 3 1 7 > Hence,
7 =5 -11

06 2 2)G)-)-C)

Thus, the solution of the systemis x =1,y =2and z = —1.
Remark:

The adjoint method applied in the previous examples lead to the following
Cramer’s rule, which gives explicit calculations for the solutions. The derivation
of this rule can be observed, but this derivation is omitted.

Cramer’s rule:

Consider the system

ai1Xxq + aA12Xy + o +a1nxn = bl,
a1 X1 + Az Xy + o +a2nxn = bz,
A1 X1 + AppXp + o0 e A X, = by,

in the matrix form AX = B with
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air 41z Qip X1 b,
azi1 Az as X2 b,

A= : .|, x={(")] adB=
anl anZ ot ann xn le
Let AU) denote the matrix obtained from A on replacing the j-th column of 4 by

the column vector B, for each j =1,2,..,n. Suppose A~! exists. Then the

det A0)

solution X of the system is given by x; = ———

,forj=1,2,..,n.
Example:

Solve the system

x+y+z=1,

4x + 3y —z = 2;

3x + 5y + 3z = -1,

by Cramer’s rule.

Solution: The given system is

1 1 1\ /»x 1 1 1 1
<4 3 —1)<y>=(2). Write A=(4 3 —1). Then AD =
3 5 3/\z -1 3 5 3

1 1 1 1 1 1 11 1
<2 3 _1),,4(2):(4 2 —1) andA(3>=<4 3 2 >
-1 5 3 3 -1 3 3 5 -1

Then, det A = 10, det AV = 22, detA® = —20 and det A® = 8. Therefore,

det AL 22 det A —20 det A®) 8
= =—=22,y= = =—-2,Z= =—=10.8.

= = = = 7 = =
det 4 10 det 4 10 det A 10

Thus, the solution of the systemis x = 2.2, y = —2 and z = 0.8.
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Example:

Solve the system
3x+y+2z=3;
2x — 3y —z= -3
x+2y+z=4,
by Cramer’s rule.

Solution: The given system is

3 1 2\ /x 3 3 1 2
(2 -3 —1) <y>=(—3>. Write A=<2 -3 —1). Then A =
1 2 1/ \z 4 1 2 1

3 1 2 3 3 2 3 1 3
(—3 -3 —1),A(Z>=(2 -3 —1>andA<3>=<2 -3 -3].
4 2 1 1 4 1 1 2 4

Then, detA = 8, det AV = 8, det AP = 16 and det A®) = —8. Therefore,

_detAD 8

det A® 16 det A® -8
—zl’y: :—:2’Z: =—=—1
det A 8 det A 8 det 4 8

Thus, the solution of the systemisx =1,y =2 and z = —1.

One can solve a system by his/her own elimination procedure. But, a
computer needs a specific procedure to solve a system by means of elimination.
We shall describe two elimination methods to write computer programs. One is
Gauss elimination method. Another one is Gauss-Jordan elimination method or

Jordan modification of Gauss elimination method.
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Gauss elimination method:

Consider a system

a1 X1 + ai12Xy + o +a1nxn = b1

azi1Xx1 + Ay Xy + o +a2nxn = b2
........................................................................ (1
Ap1X1 + Apaxy + 0l +a,, x, = b,

Step A:

Suppose a;; # 0. Otherwise, permute the equations so that the first coefficient
a1 in the first equation is not equal to zero. Divide the first equation by a4 in (I).
Multiply the new equation by a,q, asq,....,a,1, and subtract them respectively

from 2-nd, 3-rd, ..., n-th equations. We get a new system in the following form:

x1 + ag)xz + ag)x3 o +agl)xn = bfl)

oD+ oy e, = )

(1)

..............................................................................

..............................................................................
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Dy + a4 e 40D, = b

Thus, x; is eliminated from 2-nd, 3-rd, ...,n-th equations and the coefficient of x;
in the first equation is made into 1.

Then, we consider the last (n-1) equations in (I1), apply Step A for these (n-
1) equations with (n-1) unknowns, make the coefficient of x, in the second
equation into 1, and eliminate x, from 3-rd, 4-th, ..., n-th equations. The first
equation is kept unchanged.

Then, we consider the last (n-2) equations in (11), apply Step A for these (n-
2) equations with (n-2) unknowns, make the coefficient of x5 in the second
equation into 1, and eliminate x3 from 4-th, 5-th, ..., n-th equations. The first two
equations are kept unchanged.

If we proceed in this way, we finally get a system in the following form.

X1 + C12X7 + C13X3 + e +C1nxn = d1
X7 + Cy3X3 + e +C2nxn = d2
X3 + e +C3nxn = d3 (”I)

-----------------------------

.........
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The solution can be obtained from (I1l) by back substitution. That is,
substitute x,, = d,, in the (n-1)-st equation of (Il1) and find x,,_; , substitute the
values of x,, and x,,_; in the (n-2)-nd equation of (I11) and find x,,_, , and proceed
in this way until we obtain x; from the first equation of (I11).

Remark:
This method works if and only if the determinant of the coefficient matrix is
not equal to zero.
Example:
Solve the following system of equations using Gauss elimination method.
2x+3y—2z=5
4x +4y —3z =3
—2x+3y—z=1
Solution: In the first step, we divide the first equation by 2, multiply the resulting

equation by 4 and -2, and subtract them respectively from 2" and 3™ equations.

We get:
L3015
XY T%75
2y —z=-7
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6y —2z=6
In the second step, we divide the second equation by -2, multiply the resulting

equation by 6 and subtract it from the 3™ equation. We get;

L3015

YTV 737475

L1

YT52=75
—5z = —15

In the third step we divide the third equation by -5. We get:

L3015
YTV 7775
L7
YT2%273
z=23

Back Substitution:

Thus, the solution of the given systemisx =1,y =2 and z = 3.

Example:
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Solve the system of equations
x+y+z=7
3x+3y+4z =24
2x+y+3z=16
by Gauss elimination method.
Solution: In the first step, we multiply the first equation by 3 and 2, and subtract

them respectively from 2™ and 3" equations. We get:

x+y+z=7
z=3
—y+z=2

In the second step interchange the 2" and 3™ equations and divide the new

2" equation by -1. We get:

x+y+z=7
y—z=-2
z=3

There is no need for third step and we go for back substitution:

z =3,

y=-2+z=-2+3=1,

x=7—z—y=7-3-1=3.

Thus, the solution of the given systemis x =3,y =1and z = 3.
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Gauss-Jordan elimination method (or) Jordan modification of Gauss

elimination method:

Consider a system

a1 X1 + a12Xy + ot +a1nxn = b1
az1XxX1 + Ay Xy LI +a2nxn = b2
........................................................................ (1
Ap1X1 + Apaxy + -0l +a,, x, = b,

Suppose a;; # 0. Otherwise, permute the equations so that the first coefficient
a1 in the first equation is not equal to zero. Divide the first equation by a4 in (I).
Multiply the new equation by a,q, asq,....,a,1, and subtract respectively them

from 2-nd, 3-rd, ..., n-th equations. We get a new system in the following form.

x1 + ag)xz + ag)x3 + o, +a&)xn = bl(l)
aglz)xz + a§13)x3 + o, +agl)xn = bél)

..............................................................................

..............................................................................
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a,(llz)xz + a,%)xg + o ....+a,%l)xn = b,(ll).

Thus, x; is eliminated from 2-nd, 3-rd, ...,n-th equations and the coefficient of x;
in the first equation is made into 1.

Then, the coefficient of x, in the 2-nd equation is made into 1, by division.
If it is not possible, permute the last (n-1) equations to make it possible without
disturbing the first equation. Then eliminate x, from 1-st, 3-rd, 4-th, ....., n-th
equations, by using the 2-nd equation with coefficient 1 for x, , by means of
suitable multiplications of 2-nd equation and subtractions from the remaining

equations.

In the third step, the coefficient of x5 in the 3-rd equation is made into 1. If
it is not possible, permute the last (n-2) equations to make it possible without
disturbing the first two equations. Then eliminate x5 from 1-st, 2-nd, 4-th, 5-th,

...,n-th equations, by using the 3-rd equation.
If we proceed in this way, we finally get the solution in the form:

X1 = d1
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Remark:
This method works if only if the determinant of the coefficient matrix is not

equal to zero.

Example:

Solve the following system of equations using Gauss-Jordan elimination method.
2x+3y—2z=5
4x +4y —3z =3
—2x+3y—z=1

Solution: In the first step, we divide the first equation by 2, multiply the resulting

equation by 4 and -2, and subtract them respectively from 2" and 3™ equations.

We get:
a3, 1,8
2 2 2
—2y—z=-7
6y —2z=6

In the second step, we divide the second equation by -2, multiply the resulting
equation by % and 6 and subtract them respectively from the first equation and the

third equation. We get:

48 | Page



N 1 B 7
YT2r73
—5z = —-15
In the third step, we divide the 3-rd equation by -5, and multiply the

resulting equation by —% and % and subtract them respectively from the first

equation and the second equation. We get:

Thus, the solution of the given systemis x =1,y =2 and z = 3.

Example:

Solve the system of equations

x+y+z=7
3x+3y+4z =24
2x+y+3z=16

by Gauss-Jordan elimination method.

Solution: In the first step, we multiply the first equation by 3 and 2, and subtract

them respectively from 2™ and 3" equations. We get:
x+y+z=7

z=13
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—y+z=2
In the second step interchange the 2™ and 3™ equations and divide the new 2"

equation by -1. Subtract the resulting new second equation from the first equation.

We get:
x +2z=9
y—z=-2
z=3

In the third step multiply the 3-rd equation by 2 and -1 and subtract them

respectively from the first equation and the second equation. We get:

Thus, the solution of the given systemis x =3,y =1and z = 3.

Triangularization method:
Consider the system
ai1Xxq + aA12Xy + o

a1 X1 + Az Xy + o

........................................................................

........................................................................



a,1X1 + Ap2Xy + o -I-annxn = bn

in the matrix form AX = B with

a1 Az Qip X1 b,
a1 Qpp Aorn X2 b
A = : . M, x="F|,andB = "2
n1 Gn2 -+ Qpy Xn b,

Suppose that detA +# 0. Find a lower triangular matrix

liy O 0 0
lygy L 0 - 0

/ 1 U U3 uln\

0 1 uy Uzn

U= | 0 0 1 U3y |
\ 0 O 0 1

with diagonal elements equal to 1, such that A = LU. This can be achieved by

comparing each entry in A and the corresponding entry in the product LU , and by

Z1
Z)

solving the resulting equations. Write LZ = B with Z = Solve this

Zn
system by forward substitution for Z. Then solve the system UX =Z by
backward substitution for X. This gives the solution X of the system AX =B,

because B = AX = (LU)X = L(UX) =LZ.
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Remark:
This method is also called as:

(i)  Crout’s reduction method;

(i) Cholesky reduction method;

(iii)  Factorization method;

(iv) Triangular factorization method.
This method works if and only if detA # 0. Sometimes it may be assumed that
all diagonal elements of L are equal to 1 and the diagonal elements of U are in the
general form wuqq,uys, ..., U,, . The condition that all diagonal elements are equal
to 1 should be imposed either for elements in U or for elements in L, not for both,

and at least for one of them.

Example:
Solve the following system
5x1 —2xy, +x3 =4
7x1 + x5 —5x3 =8
3x1 + 7xy +4x3 =10
by triangularization method.

Solution: The given system in the matrix form is

52| Page



5 -2 1 X1 4
(71 s)(e)=(s) . w4
3 7 4 X3 10

0 0 1 upp U3
<l21 122 0 ), and U = (0 1 u23>.

l31 I3 33 0O O 1

5 -2 1
(7 1 —5) , L=
3 7 4

Suppose LU = A . Comparing the entries in LU and in A, we have the following

relations. [;; =5 (Multiply the first row of L with the first column of U).

l11u12 = —2 and hence 5u12 = —2and Uy = —é (MUItlpIy first row of L with

the second column of U). ljjui;3 =1, S5uyz =1, uz = % (Multiply the second
row of L with the first column of U). [,; = 7 (Multiply the second row of L with
. 2 19 .
the fII’St COIUmn Of U) 121u21 + lzz == 1, 7 X (— E) + 122 = 1, l22 == ? (MUIUpIy
the second row of L with the second column of U). [lyjuqz + luy; = =5,
7 X (%) + 15—9 X Upy3 = =5, Uy3 = —% (Multiply the second row of L with the
third column of U). l3; = 3 (Multiply the third row of L with the first column of

U) 131u12 + 132 == 7, 3 X (—é) + l32 = 7, l32 = % (MUItlpIy the thll’d row Of L

1

with the second column of U) l31U13 + l32U23 + l33 = 4, 3 X (E) + (%) X

3

(— %) +l33=4,133 = % (Multiply the third row of L with the third column of

U). Thus
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5 0 0 1 -2 1 5 0 0
7 2 0 508 7 e 0\
L= 5 and U = 0 1 32 Write 5 Z; | =
41 327 19 41 327 VA
3 = — 3 = — 3
5 19 0O 0 1 5 19
4
<8>.Thatis,
10
5Z1:4,
7Z1+15_922:8,
41 327
371 to ot 3= 10.
4 5 4 5 12
Then =z ZZ=(8—7zl)xB=(8—7x§)xE=E , and z3 =
41 19 4 41 12 19 46
(10-3z-F2) x == (10-3x: S x)xs>=== . Then, we

should have AX = (LU)X = L(UX) = LZ = B,and UX = Z (or)

2 1 4
1 —- -\ /x; 5
5 5 12 .
0 32 |{x ] =| - |. Thatis,
19 J \X3 46/
0 1 327
2 1
x1—§x2+§x3—§,
32 12
Xy +—X2 = —,
2T 5 X3 =75
46
37 327
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46 12 32 12 32 46 284 4

Therefore, x3=—, x,=———=x3=———=X-—=—, and x; =-+

327 19 19 19 19 7 327 ~ 327 5

2 1 4 2 284 1 46 366 ) 366

—X) —=X2 = -4+ -X——-X—=—" Thus, we have th lution =—

s X2 —gX3 =gt o X5y T X5 Ty us, we have the solution x, 327"
284 6
xz__,and X3 = ———
327 327

Example:

Solve the equations
2x+3y+z=9
x+2y+3z=6
3x+y+2z=8

by triangularization method.

Solution: The given system is

2 3 1\ /x 9 1 0 0\ /U117 Uz Ugs
<1 2 3) (y) = (6) . Write <121 1 0)( 0 Uyo u23> =
3 1 2 Z 8 l31 l32 1 0 0 U33

2 3 1
<1 2 3) Then we ShOUId have U1 = 2, Uqp = 3, U3 = 1, l21u11 =15s0
31 2

that l21 = % (Verify), l21U,12 + Uy = 2 SO that Upy = %, l21u13 + U3 = 3 SO

that U3 =§ ) l31U,11 =3 so that l31 =§ ) l31u12 + l32u22 =1 so that

I3, = =7, l33u13 + l3pup3 + uzz = 2 sothat uz; = 18 . Therefore, we have
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1 1
L (1) 8 20\ L[ Loy o\ (2 4
2 0 5 3 (y) = (6) . Write 2 <22> = (6) .
= -7 1 0 18/ 2/ \8 = =7 1)\%/ \8

Then we have

leg,

1
Ezl +ZZ = 6,

%Zl —722 +Z3 = 8,

orz;, =9, z, =6 —%zl = % z3 =8 —%zl + 7z, = 5. Thus, the given system

reduces to:

2 3 1 X Zq 9

0 12 —(z|=|(2 That is
2 2 y - 2 - 2 . ’

0 0 18/ ‘% Z3 5

2x+3y+z=09,

1 5 3
2Y T T
18z =

5 29 1 35
Therefore we have z=—, y=3-5z=_—, x—(9—3y—z)><§—g.

Thus, we have the solution:

35 29 5
==, y=—,zZ=—.

X = ’ - ’
18 y 18 18
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Final Remarks:

All methods discussed in this chapter provide exact solutions of linear
systems. These methods provide exact solutions at the cost of high processing
memory. The Jacobi iteration method mentioned at the end of the previous chapter
provide approximate numerical solutions, but with an advantage of less processing
memory. Selection of methods is ours choice depending on our needs.

Exercises:

(1) Compute the inverse of the matrix

3 2 4
(2 1 1),
1 3 5

and use the result to solve the system of equations:
3x+2y+4z =17,
2x+y+z=7,
x+3y+5z=2.
(2) Solve the system
x+y+z=3,
2x —y+ 3z =16,
3x+y—z=-3,
by using Cramer’s rule.

(3) Use Gauss elimination method to solve the system
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X1+ xy; —2x3 =3,
4x1 — 2x5 + x3 =5,
3x; —x; + 3x3 = 8.
(4) Solve the system
10x; + x5 + x3 =12,
x1 +10x, + x3 = 12,
X1 +x; +10x3 =12,
by using the Gauss-Jordan elimination method.

(5) Factorize the matrix

5 -2 1
)
3 7 4

in the form LU, where L is a lower triangular matrix, and U is an upper
triangular matrix such that the diagonal elements of U are 1. Use this result
to solve the system

S5x—-2y+z=4

7x+y—5z=8

3x+ 7y +4z = 10.

(6) Solve the systems given in the previous problems by the other methods.
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CHAPTER-3

Interpolation

We say that a polynomial p(x) interpolates a real valued function f(x) at the
points xo, X1, ..., Xy, if p(xo) = f(x0), p(x1) = f(x1), p(x2) = fF(x2), ..o,
p(xn) = f(x,).

Theorem:

Given a real valued function f(x) and n + 1 distinct points xg, x4, ..., X,
there exists exactly one polynomial of degree < n which interpolates f(x) at
X0y X1y ey X -

Proof: If there were two different such polynomials p;(x) and p,(x), then
p1(x) — po(x) would be a polynomial of degree < n with n + 1 distinct roots
Xo, X1, -, Xy. THis is impossible. This proves the uniqueness part. Now, let us
prove the existence part. The required polynomial is the Lagrange’s interpolation

polynomial:

S (= x0) (= 1) e (6 = X)) (X = Xpq) o (X — X)

= (x; — x0) (ot — x1) oo (o — 21 O — Xg1) o (O — 2

P (x) = )f (x:)

(Verification is left). This completes the proof.
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Suppose that the values fy, f1, ..., f, of f(x) are given at the distinct points
Xo, X1, -, X,. Thatis, f(x;) = f; are givenfor i =0,1,...,n. Construct the
polynomial p, (x) given in the proof of the previous theorem. Since f(x;) =
pn(x;) forall i, we use the formula f(x) = p,,(x) to evaluate f(x), for any
given x # x;, forall i. This is the fundamental idea in the study of interpolating
polynomials under the heading “Interpolation”.
Lagrange’s interpolation formula:

If a real valued function f(x) gives the values f(xy) = fo, f(x1) =
fi, -, f(x,) = f,, atthe (n + 1) points xy, x4, ..., X,,, then the Lagrange’s
interpolating polynomial which interpolates the function f(x) at the points

Xo, X1, -, Xy, OF Which fits the data (xy, fy), (x1, f1), -, (X, fr) 1S

p, (%) = i ( (x —x0)(x — x7) . (x — x;_1) (x — X;41) . (Xx — x,)
1=0

x; — x0)(x; — x1) o (6 — x-1) (6 — x41) - (0 — Xn)fi '

Example:

Given the following data, evaluate f(3) by using Lagrange’s interpolating

polynomial.
X 1 2 5
f(x) 1 4 10

Solution: The Lagrange’s interpolating polynomial is
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(x — x1)(x — x3) (x — x0)(x — x3)

P2 (x) = (xo — x1) (%0 — xz)f(xO) " (o1 = 20) (21 — xz)f(XI)

(x —x0)(x — x1)

(x2 — x0)(x2 — x1) f(x).

That is,

_ (x=2)(x—5) (x —1)(x —5)
e ) T B SR ¢ B To s

Therefore,

£3) = pa(3)
_3B-23B-5 __ (3-DE-5)

“a-20a-5 " Te-ne-n"

~ 6.4999.
Thus, £(3) ~ 6.4999.

Example:

(x —1)(x —2)

X 10

G-1D(G-2) '

B3-1D3B-2)

G-DG-2)

Find Lagrange’s interpolating polynomial fitting the points y(1) =

—3,y(3) =0,y(4) = 30,y(6) = 132. Hence, find f(5).

Solution: The table for given data is

10

X 1 3

y =y(x) -3 0

30

132
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The Lagrange’s interpolating polynomial that fits this data is p3(x) =

(x=3)(x—4)(x—6)
(1-3)(1-4)(1-6)

(o -Dx-4)(x-6) % 0 + (-1 (x-3)(x—6)

x (=3) + s ahee) (4-1)(4-3)(4—6)

x 30 +

(x—1)(x—3)(x—4)
(6—-1)(6—-3)(6—4)

X 132 = %(—x3 + 27x?% — 92x + 60), on simplification. Now,

Y(5) ~ p3(5) = 5(=5% + 27 x 52 = 92 x 5 + 60) = 75. Thus, y(5) ~ 75.

Remark:

Note that f(x;) = p,,(x;), for the Lagrange’s interpolating polynomial
p,(x),1=0,1,2,...,n. By the theorem, such a polynomial is unique. We shall
discuss the other forms of this polynomial. The other forms are introduced for
computational conveniences.

Finite difference operators:

We assume that the points x,, x4, ..., X,, are equispaced by a step length
h > 0. Thatis, x; = xq + ih. Thatis, xg,xq, ..., X, are xg,xg + h, xg +
2h, ..., xo + nh. Consider a set of points (x;,y;), i =0,1,2,...,n, (or),

(x;, f(x)), i=0,1,2,...,nwith y; = f(x;). We define the forward difference
operator Aby Ay; =y;11 —y; - Thatis, Ayo =y1 =0, Ay1 = Y2 = Y1, ey
AYn_1 = Yu = Yn—1. We define A* by A%y; = A(Ay;) = A4 — yi) =

AWir1) =AW = Wiz = Vi) = Oiv1 — Y1) = Yigz — 2y + ¥ . Ingeneral,

Ay, = A(A" " ty)).
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We have the following forward difference table:

X y Ay | A%y | A3y | Aty
X0 Yo
Ay
AZ
X1 V1 Yo
Ay, Ay,
X2 Y2 AZ)’1 A4Y0
Ay, Ay,
AZ
X3 Y3 Y2
Ays
X4 Vs

The middle placements and the definitions give computational procedure.

We define the backward difference operator V by Vy, =y, —y,_4. Thatis,
V¥ = Yo = Yno1 s V¥no1 = Yno1 = Yn—2» - V¥1 = Y1 — Yo . We define V2
by V2y; =V(Vy) =V —yi—1) =V = Vyiog = O — yim1) — o1 —

Yi—2) =Yi — 2yi-1 + yi—» . Ingeneral, V'y; = vV y).
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We have the following backward difference table:

x y Vy | Viy | V3y | Viy

V¥n_3
Xn-3 | Yn-3 VY
Vyn_2 V3 Yn_1
Xn-2 | Yn-2 VY01 VY
V-1 V39
Xn—1 | Yn-1 A
Vn
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The middle placements and the definitions give computational procedure.

Example:

Construct a forward difference table and a backward difference table for the

following values of x and y.

X 0.1 0.3 0.5 0.7 0.9
y 0.003 0.067 0.148 0.248 0.370
Solution: Note that h = 0.2.
The forward difference table is:
x y Ay A%y A3y Aty
0.1 0.003
0.064
0.3 0.067 0.017
0.081 0.002
0.5 0.148 0.019 0.001
0.100 0.003
0.7 0.248 0.022
0.122
0.9 0.370
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The backward difference table is:

x y Vy vzy viy vty
0.1 0.003
0.064
0.3 0.067 0.017
0.081 0.002
0.5 0.148 0.019 0.001
0.100 0.003
0.7 0.248 0.022
0.122
0.9 0.370

Remark: We have the same table, because Ay, = y;.1 —y; = Vy;41 . Thetop
values 0.1, 0.003, 0.064, 0.017, 0.002, 0.001 in the first table refer to
X0, Yo, AVo, A2yo, A3y,, A%y, . The same values in the second table refer to
X0, Yo, Vy1, V2y,, V3y3, V*y, . The bottom values 0.9, 0.370, 0.122, 0.022, 0,003,
0.001 in the second table refer to x4, V4, Vs, V2yy, V3y,, V4y, . The same values
in the first table refer to x4, y,, Ays, A%y,, A3y, Aty, .
Newton’s forward difference interpolation formula:

Suppose that the values of a function f(x) are givenat xq, xo + h, xo +
2h, ..., xg + nh . Write x; = xy +ih,and y; = f(x;) = f(xo + ih) for
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i=0,1,...,n. Write x = xq + ph with p = % Then, Newton’s forward
difference interpolation formula is:

f&x) = f(xo +ph)

~ fxo) + 1A x 0)+p(p_ D a2f(x)
-1 —
G 3)'(29 )A3f(x0)+_“

N pp—D@-2)..(p —(n—-1))

iy A" (xo).
This formula can be applied to evaluate f(x) for any x. (However, it is applied in
some books to evaluate f(x) only when x lies between x, and x, + h). The
corresponding polynomial in x,

Pn (x) = Pn(xo + ph)

= f(x0) + [ B x 0)+p(p_ D A2f ()
—ND(p -
G 3)'(29 )A3f(x0)+---...

N pp—-Dp@p-2)..p—(n—-1))

n!

A" f (xo)
obtained after replacing p by x;lﬂ is called the Newton’s forward difference

interpolating polynomial. Then p, (x) fits the data (x;,y;), i =0,1,...,n (Proof

Is omitted). Both of them may be applied to evaluate f(x).
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Example: Evaluate f(15), given the following table of values.

x 10 20 30 40 50
y=f(x) |46 66 81 93 101
Solution: The forward difference table is:
x y Ay A%y A3y Aty
10 46
20
20 66 -5
15 2
30 81 -3 3
12 -1
40 93 -4
8
50 101
Here x, = 10, h = 10,x = x, + ph = 15,and p = 10— 05. Also, Vo =

46, Ay, = 20, A%y, = =5, A3y, = 2, A*y, = —3. The Newton’s forward

difference formula is

(-1
fOO) = fxg +ph) = yo + 7 Ayo + 50— A%y +

p(p—1)(p—-2)(p-3)

4!
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A4y0.

p(p—-1)(p-2)

3!

Ay,




0.5(0.5—1)

Therefore, we have f(15) =~ 46 + (0.5) x 20 + -

x (=5) +

0.5(0.5—2)(0.5—2) %2+ 0.5(0.5—1)(25—2)(0.5—3)

X (—3) = 56.8672 . Thus, we have

F(15) = 56.8672.

Example: Find Newton’s forward difference interpolating polynomial for the

following data:

x 0.1 0.2 0.3 0.4 0.5

y=f(x) |140 1.56 1.76 2.00 2.28

Use it to evaluate f(0.15).

Solution: The forward difference table is:

x y Ay A%y A3y Aty
0.1 1.40
0.16
0.2 1.56 0.04
0.20 0
0.3 1.76 0.04 0
0.24 0
0.4 2.00 0.04
0.28
0.5 2.28
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Here x, = 0.1, h = 0.1, y, = 1.40, Ay, = 0.16, A%y, = 0.04, and A3y, =0 =

A*y,. Also, x = xy + phand p = x;lx" = x;(i'l . The Newton forward

interpolating polynomial is

plp—-1(p-2) A3

P plp—-1)
fG) = fCxo +ph) = yo + 5 Ayo + =5 A%y + = Yo +
p(p_l)(il_z)(p_3) Ay, with p = x;g'l . This polynomial reduces to 1.4 + xg(i'l X

0.16 +3 (10x — 1)(10x — 1 — 1) X 0.04 = 2x? + x + 1.28. Thus, the required

polynomial is 2x% + x + 1.28.
Moreover, £(0.15) = 2 x 0.15%2 + 0.15 + 1.28 = 0.045 + 0.15 + 1.28 = 1.475.
Thus, f(0.15) = 1.475.
Newton’s backward difference interpolation formula:

Suppose that the values of a function f(x) are givenat xq,xq + h, ..., xg +
nh. Write x; = xq + ih,and y; = f(x;) = f(xo +ih) for i =0,1,2,...,n.

X=Xy

Write x = x,, + ph with p = —- Then, Newton’s backward difference

interpolation formula is

f&x) = f(x, +ph) =

+1 +1)(p+2
fOa) +2VF () + BBV () + B GO ) 4ot

p (P+1)(P+2)'(P+(n—1)) an(xn).

n:
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This formula can be applied to evaluate f(x) for any x. (However, it is applied in
some books to evaluate f(x) only when x lies between x,, and x,, — h). The
corresponding polynomial in  x

Pn () = pp(x, + ph)

( +1)

"’f(xn)"' Vf( n)+ sz( n)

p(p + D+ 2)
31

V3f () + -

N pp+DpP+2)..(p+1n-1))
n!

v f(xn)

obtained after replacing p by x_hx” is called the Newton’s backward difference

interpolating polynomial. Then p, (x) fits the data (x;,y;), i =0,1,...,n. Both
of them may be applied to evaluate f(x).
Example:

For the following table of values, estimate f(7.5). Use Newton’s backward

difference formula.

x 1 2 3 4 3) 6 7 8

y=f(x) |1 8 27 64 125 216 343 512

Solution: The backward difference table is
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x y vy vZy viy Vty

1 1
-

2 8 12
19 6

3 27 18 0
37 6

4 64 24 0
61 6

5 125 30 0
o1 6

6 216 36 0
127 6

7 343 42
169

8 512

Here n = 7’ xn = 8 = x7 ’h = 1’ yn = 512 = f(xn), Vyn = 169, vzyn = 42,

V3y, = 6, Vty, =V°y, =V°y, =V’y, =0. Also, x = 7.5 = x,, + ph,
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p= x—hxn — 7-51—8 = —0.5. Since Viyn =0for i = 4,5,6,7, the Newton

backward difference formula becomes

(p+1) p+D)(+2)
fx) =f(x, +ph) = y, + %Vyn + %szn + %V%}n . Therefore,

(=0.5)(=0.5+1) (=0.5)(=0.5+1)(—0.5+2)

6

X 42 + X 6=

£(7.5) ~ 512 + (=0.5) X 169 +

421.875. Thus, f(7.5) = 421.875.
Example: Find Newton’s backward difference interpolating polynomial for the

following data:

x 0.1 0.2 0.3 0.4 0.5

y=f(x) |140 1.56 1.76 2.00 2.28

Hence, find f(0.45).

Solution: The backward difference table is:

X y Vy V2y V3y Viy
0.1 1.40
0.16
0.2 1.56 0.04
0.20 0
0.3 1.76 0.04 0
0.24 0
0.4 2.00 0.04
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0.28

0.5 2.28

Here, n =4, x, = 0.5, h = 0.1, y, = 2.28, Vy, = 0.28, V?y, = 0.04, V3y, =

Vty, = 0. Also, x = x,, + ph,p = x_hx" = x;i's = 10x — 5. The Newton’s
backward interpolating polynomial is

P p(p+1) p(p+D(p+2) plp+D)(P+2)(p+3) :
Y +5Vy, + EE= Ry, + FEEE Ry, T V*y, with

p = 10x — 5. This reduces to 2.28 + (10x — 5) x 0.28 + 0.5(10x — 5)(10x —
5+ 1) x 0.04 = 2x2 + x + 1.28. Thus, the required polynomial is 2x? + x +
1.28. Moreover, £(0.45) =~ 2 x 0.45% + 0.45 + 1.28 = 0.405 + 0.45 + 1.28 =
2.135. Thus, £(0.45) ~ 2.135.

Remark:

The second examples given in the section of Newton forward difference
interpolation formula and in the section of Newton backward difference
interpolation formula lead to the same polynomial 2x2 + x + 1.28. This agrees
with the theorem proved in the beginning of this chapter.

Example:

Show that (i) the Newton forward interpolating polynomial, (ii) the Newton

backward interpolating polynomial, and (iii) the Lagrange’s interpolating

polynomial, which interpolate the values 1.40, 1.56, 1.76, 2.00, 2.28 at the points
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0.1, 0.2, 0.3, 0.4, 0.5 (or, which fits the data (0.1, 1.4), (0.2, 1.56), (0.3, 1.76), (0.4,
2), (0.5, 2.28)), which have degree < 4 are equal to 2x? + x + 1.28.

Solution: We have already seen that the Newton forward interpolating polynomial
and the Newton backward interpolating polynomial are 2x? + x + 1.28. So, they

will not be shown here again. The Lagrange’s interpolating polynomial 1s

(x—0.2)(x—0.3)(x—0.4)(x—0.5) (x—0.1)(x—0.3)(x—0.4)(x—0.5)

(0.1—0.2)(0.1—0.3)(0.1—0.4)(0.1—0.5) 4+ (0.2—0.1)(0.2—0.3)(0.2—0.4)(0.2—0.5) x1.56 +
(x—0.1)(x—0.2)(x—0.4)(x—0.5) (x—0.1)(x—0.2)(x—0.3)(x—0.5)
(0.3—0.1)(0.3—0.2)(0.3—0.4)(0.3—0.5) 1.76 + (0.4—0.1)(0.4—0.2)(0.4—0.3) (0.4—0.5) X2+

(x—0.1)(x—0.2)(x—0.3)(x—0.4)
(0.5-0.1)(0.5-0.2)(0.5—-0.3)(0.5—-0.4)

X 2.28 = 2x% + x + 1.28 (on simplification).

Central difference formulae:
Gauss interpolation formulae:
Consider a set of equispaced points ... ... ,X_3, X_9,X_1,X0, X1,
X9 ) X3y wee ene with step length h > 0. Thatis, x; = xo, + h for
i=0,1,-1,2,-2,....... Thatis, x; =xy + h,x_1 = x9 — h, X, = x¢ + 2h,
X_p =Xxog—2h,........ . Suppose that the function values f(x;) = y; of a function

f (x) are given at these points. Then, we have the difference table:

x y Ay A%y A3y Aty
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Ay_;
AZ
X1 V-1 Y-2
Ay_4 Ny_,
Xo Yo A’y_q Ay_,
Ay Ny_
AZ
X1 Y1 Yo
Ay,

Write x = xy + ph. Then the Gaussian forward interpolation formula is
f&x) = f(xo +ph)

B p p(p—1)
=yo + A% + ———

+Dpl-1 A3

A*y_1 + 3l V-1

N (p + 1)p(p47 D(p —2) Ay,

N (p+2)p+ 1);(29 -D(p—-12) Ay, +
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The necessary positions in the table are the followings:

Yo

AZY—1

A4Y—2

A6Y—3

A3y_1

Asy—z

Ay_3

The Gaussian backward interpolation formula is
f(x) =[x+ ph)

+1 +1 —1
=y0+gAy_1+(p )pAz (»+ Dp(p )A3

1 21 y-1t 31 Y-2

2 1 —1
+(p+ ) :! )p(p )A4y_2

N (p+2)p+ 1);(19 -D(p—-12) ASy_,

P+3)+2)p+p-DE-2)
+ 5 A

y_3 + oo

The necessary positions in the table are the followings:

Ay_q

Ny_,

Ay_s

Ay_4

Yo

A*y_y

Ay_,

ASy_3

Use as many terms as possible from the table for calculations. (First one is applied

in some books when x lies between x, and x; and the second one is applied when

x lies between x_; and x).

We follow these notations to write the next three formulae: (i) Stirling’s
formula, (i1) Bessel’s formula, and (iii) Everett’s formula.
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Stirling’s formula:
f&) = fxo +ph)

p(p* — 1) (A3y_1 + A%y _3)
3! 2

p (Ayo +Ay_1) p°
Yo+ 2 MY

Azy_l +

2(n2
p-(p°—-1) ,
A

y_z _|_ cee
This is the mean of the Gauss’s forward and backward formulae.
Bessel’s formula:

f(x) = f(xo + ph)

p p(p — 1) (A%y_1 + A%yy) pp—1D(p —2)
= Yo+ 7A% + —; > + 3 Ay

— — 4 4
L@t 1)29(294! D(p —2) (A'y_, JZFA Y-

Everett’s formula:
f&x) =f(x +ph)

2 _ 12 2 _ 12 2 _ 22
_ {qyo +q(q ) 42 +q(q )(q )A4y_2 +}

3! y-1 5!
p(p? —1%) p(p? — 12)(p? — 2%)
+ {py_l + TAZ}IO + ol A4y_1 + -l

where g =1 —p.
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Remark:

When these formulae are applied, the point x, is chosen such that we use as

many as terms as possible.

Example:

From the following table, find the value of e'17.

X

1.00

1.05

1.10

1.15

1.20

1.25

1.30

ex

2.7183

2.8577

3.0042

3.1582

3.3201

3.4903

3.6693

Use

(a) Gauss’s forward formula

(b) Gauss’s backward formula

(c) Stirling’s interpolation formula

(d) Bessel’s interpolation formula

(e) Everett’s interpolation formula.

Solution: Take y = f(x) = e*. The difference table is given below.

X

ex

A

AZ

A3

A4—

AS

1.00

2.7183

0.1394

1.05

2.8577

0.0071

0.1465

0.0004
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1.10 3.0042 0.0075 0
0.1540 0.0004 0
1.15 3.1582 0.0079 0 0.0001
0.1619 0.0004 0.0001
1.20 3.3201 0.0083 0.0001
0.1702 0.0005
1.25 3.4903 0.0088
0.1790
1.30 3.6693

(@) Gauss’s forward interpolation formula is

f(x) = f(xo + ph)

—1 +1 -1
zy0+gAy0 +p(p )Azy_1+(p )p(p )Agy_1
1! 2! 3!
+1 — 1D -2
N @+ Dplp—D@-2) Ay,
41
+2)(p+1 —D(p -2
N @+2)(p+ Dpl-D(P )A_f,y_2
51
p+2)@+Dp-DE-2)P-3)
+ A y_3 .
6!
Let us take x, = 1.15. Then x = 1.17 = 1.15 + p(0.05) and p = 1'1(?;;'15 = %

= 3.1582, Ay, = 0.1619, A’y_; = 0.0079, A3y_; = 0.0004, A*y_, = 0,
Yo

A>y_, = 0.0001, A®y_5; = 0.0001. Thus, we have f(1.17) = e'''” ~ 3.1582 +
V-2
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G-

'('_ ) % 0.0079 +%x 0.0004 + 0 +

—><01619+5

2 201 (2=1) 2= 20 (2412 (2=1) (2=2) 3-
(5”)(5“1);55 €2 0.0001 + (5+2)(5+1)5(75201)(5 60,0001 ~ 3.1582 +

0.0648 — 0.0009 = 3.2221. Thus, we have el17 =~ 3.2221.

(b) Gauss’s backward interpolation formula is

+1 (p+1) -1
fG) =g +ph) = yo + 2 Ay g + T8 A2y | 4 TERLD A3y, 4

(p+2)(p+Dp(p-1) A4

(p+2)(p+Dp(p—-1)(p—2) A5y
41

51 +

Yo+t

(p+3)(p+2)(p+Dp(p-1)(p—2) A6
6!

Letus take x = 1.15. Then x = 1.17 = 1.15 + p(0.05) and p = % Yo =
3.1582, Ay_; = 0.1540, A’y_; = 0.0079, A3y_, = 0.0004, A*y_, = 0,
A’y_3 =0, A®y_; = 0.0001. Thus, we have

f(1.17) = etl7

~ 31582 + ><01540+(_ )_x00079+¢x0.0004+

practically zero terms
~ 3.1582 + 0.0616 + 0.0022 + 0 (correct to 4 decimals) = 3.2220.
Thus, we have el17 ~ 3.2220.

(c) Stirling’s interpolation formula is
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2 2 3 3
f(x) = f(xo + ph) = yy + %%g;_lyy_l + p(p3! 1) (A y_l-zl-A y-3)
pi(p*-1) Aty ,
4!
Let us take x, = 1.15. Then x = 1.17 = 1.15 + p(0.05) and p = 1-1;;;.15 _ %

yo = 3.1582, Ay, = 0.1619, Ay_; = 0.1540, A’>y_; = 0.0079, A3y_; = 0.0004,
A3y_5 = 0.0004, A*y_, = 0. Therefore, f(1.17) = e”

2 0.1619+0.1540 = 1 2\ 2 1 2/4
~ 3.1582 +5Xf+zx (E) x 0.0079 +EX§(E— 1) X

0.0004+0.0004

> +0

~ 3.1582 + 0.0632 + 0.0006 — 0 (correct to 4 decimals) = 3.2220. Thus,
we have el'l” =~ 3.2220.

(d) Bessel’s interpolation formula is

p(p—1) (Azy—1+A2yo)_I_’p(’p—l)(p—Z)Agy ,

+
2! 2 3!

f() = f(xo +ph) = yo + 5 Ayg +

(p+Dpp—-D(p-2) A*y_r+A%y_4)
4 2 '

2

Let us take x = 1.15. Then x = 1.17 = 1.15 + p(0.05) and p = s Yo =

3.1582, Ay, = 0.1619, A%y, = 0.0083, A’y_; = 0.0079, A3y_; = 0.0004,

A*y_; = 0.0001, A*y_, — 0. Therefore, f(1.17) = e’

2.2 2(2 2 1
:G-D x 0.0079+0.0083 + g(g—l)(g—g)

. . X 0.0004 +

~ 3.1582 + g x 0.1619 +

practically 0
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~ 3.1582 + 0.0648 — 0.0010 + 0 (correct to 4 decimals) = 3.2220.
Thus, we have el17 ~ 3.2220.

(e) Everett’s interpolation formula is

2_12 ( 2_12) 2_22
) = f o+ ph) = {qyo + L0202y + T2ty Ly

—12 2_12 2_92
{py L+ p(p )Azy r(p 15)!(12 2 )A4y_1}, where ¢ =1 — p.

Let us take x = 1.15. Then x = 1.17 = 1.15 + p(0.05) and p =§ and
g=1-p==.y,=31582,A%_; = 0.0079, A*y_, = 0,y = 3.3201,
A%y, = 0.0083, A*y_; = 0.0001. Therefore,

f(1.17) = el7

—><31582+E(E_ )><00079+0+ x 3.3201 +§(E_ ) % 0.0083 +

(28 OS]

practically 0
~ 1.8949 — 0.0005 + 1.3280 — 0.0004 = 3.2220. Thus, we have e!” ~

3.2220.

We next give an interpolation formula, which requires function values of its
first order derivative at the node points. Newton’s forward and backward formulae
and the five formulae applied in the previous example are applicable only for

equispaced points with a fixed step length h. Lagrange’s formula is applicable for
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the general case. The next Hermite formula is also applicable for the general case
in the sense that it does not depend on a fixed step length h.
Hermite interpolation formula:

Suppose that the values of a real valued function f(x) and its derivative
f'(x) are given at the (n + 1) distinct points xg, x4, ..., x,,. Suppose that f(x;) =
fi=vy;and f'(x;) = f =y, foreveryi. Toeach i, write

(x —xp)(x —x9) oo (0 — 2,2 (¢ = X341) oo (X — X)
(i — x0) Qg — 1) oo (g — 221 (3 — X1) o (X — %)

li(x) =

Then the Hermite’s interpolation formula is

n n

f(x) = Hypypq1(x) = Z[l —2(x — xi)llf(xl-)][li )]1%y; + z(x — x)[L (0%, .
i=0

i=0

Let us observe that H,,,,1(x) is a (Hermite) polynomial of degree 2n + 1.

Example:

Determine the Hermite polynomial of degree 5 which fits the following data and

hence find an approximate value of log2.7 .

b 2.0 2.5 3.0
y = logx 0.69315 0.91629 1.09861
y' =1/x 0.5 0.4 0.33333
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Solution: Here xy, = 2.0, x; = 2.5, x, =3,y = 0.69315, y; = 0.91629,

y, = 1.09861, y, = 0.5, y; = 0.4, y, = 0.33333(= %)_

_ (x=25)(x-3) _, 2 .7 — _
lo(x) = 25 = 2x° —11x + 5; [y(x) = 4x — 1.

_ _2)x=3) 2 _ . - _
l1(x) = T (4x* — 20x + 24); l;(x) = —8x + 20.
I,(x) = GoDx=25) _ 2x%2 —9x + 10; 1,(x) = 4x — 9.

(3-2)(3-2.5)
The Hermite polynomial of degree 5 is
Hs(x) = i2=0[1 —2(x — xi)li’(xi)][li(x)]zyi + le:o(x — x)[l; (x)]zyi’
=[1-2(x —2)(4 x 2 — 11)][2x? — 11x + 15]* x 0.69315
+[1 = 2(x — 2.5)(=8 x 2.5 + 20)][—(4x? — 20x + 24)]* X 0.9162
+[1 - 2(x —3)(4 x 3 —-9)][2x% — 9x + 10]? x 1.09861
+(x — 2)[2x% —11x + 15]?> x 0.5 + (x — 2.5)[—(4x? — 20x + 24)]*> x 0.4
+(x — 3)[2x? — 9x + 10]? x 0.33333.
If we substitute x = 2.7, we get log 2.7 = Hs(2.7) = 0.993252. Thus,
log2.7 = 0.993252 .
We shall next find another form of Lagrange’s form applicable for unevenly

spaced points.
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Newton’s divided difference interpolation formula:

Suppose that the values f(x;) = y; of a real valued function f(x) are given

at the (n + 1) distinct points x,, x4, ...,

interpolation formula is

f(x) = pp(x)

x,. Then the Newton’s divided difference

= flxol + (x — xo) f[x0, x1] + (¢ — x0) (x — x1) f [0, X1, X3]

+ (x = x0) (x — x1) (x — x3) f[x0, X1, X2, x3] + -+ ...

+ (x — xp)(x — xq) ... (X — x,,_1) f[x0, X1, -

where the divided differences are

flxol = f(x0),

Flxg, 2] = Lol _ fG)=/Cro)

X1—Xo

X1—Xo

, Xn 1,

fG)—f(x1) flx1)—f(xp)

flx1x2]=flx0,x1] _

........................................

........................................

xX2—X1 xX1-%0
Xn, X1, X = =

f[ 0,1, 2] Xy—xo Xy—%0

flx1,x2,x3]=f[x0,x1,%7]
flxo, x1, %2, x3] = )

X3—Xo

flx1,x,wnxn = f[X0X 1, mwXn—1]

f[xOJ xl) ;xn] = = L .

Xn—X0
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Remark:
The polynomial p,, (x) is the Lagrange polynomial and hence this
polynomial interpolates f(x) at xg, x4, ..., x,. The following form of divided

difference table may be applied to evaluate divided differences.

x fl] fl.] fl, ] fl..]
X flxo]
fx0, x1]
X1 flx] fx0, x1, %]
flx1,x2] fx0, X1, X2, X3]
X2 flx2] fx1, %2, X3]
flx2, %3]
X3 flxs]
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Example:

Find the Newton divided difference interpolating polynomial for the following

data, and hence evaluate f(1).

by -1 0 3 6 7
fx) |3 -6 39 822 1611
Solution: The divided difference table is:
X flx] fL] fl.] fl..] fl.1]
-1 3
-9
0 -6 6
15 3)
3 39 41 1
261 13
6 822 132
789
7 1611
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Here, xg = —1,x; =0,x, =3,x3 =6,x4 =7, flxo]l = 3, flx0,x1] = -9,
flxo,x1, %21 = 6, flxg, x1, %2, x3] =5, flxg, X1, x5, x3,%4] = 1. The required
polynomial is

flxol + O — x0) flx0, 211 + (x — x0) (x — x9) f[x0, %1, x2] + (x — %) (x —
x1) (x — x2) fx0, %1, %2, x3] +

(x — x0) (x — 1) (x — x2) (x — x3) f[x0, X1, %2, X3, 4] =3+ (x + 1) X (-9) +
x+Dx—-—0)x6+x+Dx—-0x—-3)x5+x+1D(x—-—0)(—3)(x—
6) x 1 =x*—3x3 +5x% —6.

Therefore, f(1) = 1* -3 x 13 +5x%x 12 -6 = —3. Thus, f(1) ~ —3.

Final Remarks:

One function g may interpolate another given function f for which the
values are known (or given) only at finitely many points xg, x4, ..., x,,. That is,
g(x;) = f(x;), forevery i. One may find many such functions g. Only
classical polynomial functions g have been discussed in this chapter for
interpolation purpose, because it is easy to work in classical error analysis when
polynomial functions are used for interpolations. For practical purposes one may
use any function g for which g(x;) = f(x;), for every i, without considering
error analysis. That is, one may apply the relations f(x) = g(x), f (x) = g (x),

f'(x) = g"(x), ...and [ f(x)dx =~ [ g(x)dx, for practical purposes.
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Exercises:
(1) The following table gives pressure of steam at a given temperature. Using
Newton’s forward difference interpolation formula, compute the pressure for

a temperature of 142°C.

Temperature | 140 150 160 170 180
°C
Pressure 3.685 4.854 6.302 8.076 10.225
kg/cm?

(2) Find the Newton’s backward interpolating polynomial for the following

data:
X 1 2 3 4 5
y 1 -1 1 -1 1

(3) Find the interpolating polynomial for the following data using Lagrange’s

formula. Hence find f(—2).

X 1 2 -4

y=f@® |3 5 4

(4) Find the interpolating polynomial by Newton’s divided difference formula

for the following data. Deduce f(4).

X 1 2 3 5
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y

0

7

26

124

(5) Using Hermite’s interpolation formula, estimate the value of log 3.2 from

the following table.

X 3 35 4
y = logx 1.09861 1.25276 1.38629
y =1/x 0.33333 0.28571 0.25000

(6) Find the Hermite polynomial of third degree approximating the function

y(x) such that y(-=1) =1,y(1) =0,y'(-1) = y'(1) = 0.

1
(7) The value of the elliptic integral K (m) = f;/*(1 —m sin?6) 2 d@ for

certain equidistant values of m are given below. Use Everett’s or Bessel’s

formula to determine K(0.25).

m

0.20

0.22

0.24

0.26

0.28

0.30

K(m)

1.659624

1.669850

1.680373

1.691208

1.702374

1.713889

(8) From the following table of values of x and y = e* interpolate the value of

y when x = 1.91.

1.7

1.8

1.9

2.0

2.1

2.2

y=e

5.4739

6.0496

6.6859

7.3891

8.1662

9.0250

Use a Gauss formula or Stirling’s formula.
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CHAPTER-4

Numerical Differentiation

The heading explains the nature of contents and of the scope of this chapter. There
IS one more important aspect (application) for this topic. The formulae for
numerical differentiation can be applied to solve differential equations.

Numerical differentiation is explained through two inter related approaches.
One is based on finite difference operators and another one is based on

interpolation formulae. There is one more standard approach.

We already considered two fundamental difference operators A and V in the
previous chapter for interpolation. Let us introduce two more operators, namely,
(forward) shift operator E and central difference operator §.

Fix a step length h > 0, and consider a function f(x). Then Af(x) =
fx+h)—f(x),Vf(x) = f(x) — f(x —h), and we define Ef(x) = f(x + h),

and Sf(x)=f(x+3)—f(x—3). We shall use: E~1f(x)=f(x—h),

EZf () = f(x + 2, E2f () = f(x ).

By Taylor’s theorem, we have
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h h%
Ef)=flx+h)=f)+f )+ )+

h h?
=f(x)+ ﬁDf(x) + EDZf(x) TR

hD (hD)?> (kD)3

=1+ttt flx) =e"f(x),

where D = %and If (x) = f(x).
The series expansions for operators will be meaningful within “our” limitations of

applications. So, we need not worry about convergence of any series to be

discussed in this chapter. So, we have the fundamental formula: E =
e"? (or) D =%logE. This is applicable to derive numerical differentiation

formulae through finite difference operators. Note that we have the following
relations from the definitions.
@A=E—1I, E=1+A
b)V=I1—-E Y El=1-V
(C) S = E1/2 _ E—1/2,
where [ is the identity operator: If(x) = f(x).
Numerical differentiation using difference operators:

1

1
D —ﬁ(logE) =7

1
log(I + A) :E<A——+———+——--- >
Therefore,
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(1)F Go) = 7 (Bf Gr) — 0024 200 _ S0, B0} )
p? == (A—%2+%3—%4+---...)2 = (a2 - A%+ oAt —2A5 4o
Therefore,

@) f"(0) == (2f (x0) — A3f (xo) + 1 A*f (xg) — 2 5f () + -
Similarly,

——logE——log(E D=1 = —log(I—V) 1= —%log(I—V)=

T4 T 1) yields

' 1 VG | Pf) | V)
) f (x,) = - (Vf(xn) + zx + 3" + 4" + .- )

and

(@) f () = 77 (V2 0) + V3 () + S VHF () + 275 () + -+

Similarly,

8§ = EV2 — E~1/2 = ghD/2 _ o=hD/2 — Zsinhh?D, %Dz sinh_lg,

_ 2198 _ __3 3 o5 2
D = Zsinh™12 = (5 5 +—=-5 ),D

)

Hence,

(6f00) = 8% F () + == 85F(x) =+

S|

B f )=

and
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O)f 00) = 37 (87F () = 158*F G +158°F () = ..

The formulae (1), (3) and (5) are used to find first order derivatives, and (2),

(4) and (6) are used to find second order derivatives.

Suppose x; = xo +ih, i =0,1,...,n, with h > 0. Then (1) and (2) are

applied for xy; (3) and (4) are applied for x,, and (5) and (6) are applied when x

lies in between (middle of ) x,and x,. We use as many terms as possible from

the series (1), (2), (3), (4), (5), and (6) to evaluate values for derivatives.

Example:

Compute f'(0) and f'(0.2) from the following tabular data.

X

0.0

0.2

0.4

0.6

0.8

1.0

f(x)

1.00

1.16

3.56

13.96

41.96

101.00

Solution: Since x = 0 and x = 0.2 appear at beginning and near beginning of the

table, it is appropriate to use formulae based on forward differences to find the

derivative values. The forward difference table is

X fx) Af(x) | A f(x) | 2%f(x) | A*f(x) | A°f(x)
0.0 1.00
0.16
0.2 1.16 2.24
2.40 5.76
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0.4 3.56 8.00 3.84
10.40 9.60 0
0.6 13.96 17.60 3.84
28.00 13.44
0.8 41.96 31.04
59.04
1.0 101.00
Here h = 0.2.
) ; .
£002) ~ (Af(O 2) — A f(O 2) A f§0.2) A in.Z)) _ 0%(2.4 _8, % B
“2) =32
£(0) ~ = (Azf(O) — 23f(0) + 5 A*f(0) - —A5f(0)) 0 2)2 (224 -576+
= X384—2x 0) ~ 0. Thus, we have £"(0) ~ 0 and £'(0.2) ~ 3.2.
Example:
Find y'(2.2) and y'(2.2) from the table:
x 1.4 1.6 1.8 2.0 2.2
y=y(x) |4.0552 4.9530 6.0496 7.3891 9.0250

Solution: Since x = 2.2 occurs at the end of the table, it is appropriate to use

backward difference formulae for derivatives. The backward difference table is
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x y(x) Vy V2y Viy vty
1.4 4.0552
0.8978
1.6 4.9530 0.1988
1.0966 0.0441
1.8 6.0496 0.2429 0.0094
1.3395 0.0535
2.0 7.3891 0.2964
1.6359
2.2 9.0250
Here h = 02.
y'(2.2) ~ —(V (2.2) + V2 y(2 2) n v3y(2.2) v4yi2.2) _ oi(l 6359 + 0.2964 N
0.0535 0.0094) — 90215

3

y'(22) =~ = (sz(Z 2) + V3y(2.2) + v4y(2 2))

Y 0.0094) = 8.9629 .
12

8.9629.
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Thus, we have

(2. 2)2

(o 2964 + 0.0535 +

y'(22) = 9.0215 and y"(2.2) ~




Remark:

The form of a central difference table is:

x y 8y 82y 8y &ty
X0 Yo
8Y1/2
2
X1 V1 5y
8Y3/2 8%y3/2
X2 Y2 52)’2 54)’2
8Ys/2 8%ys 2
62
X3 Y3 Y3
87,2
X4 V4
Example:

From the following table of values, estimate y'(2) and y"(2).

X

0

1

2

3

y

6.9897

7.4036

7.7815

8.1281

8.4510

Solution: First, let us take h = 2. Then
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_ y(3)-y(1) _ 8.1281-7.4036 _
= . = . =

y (@) ~8y(2) = (2 +1) —y(2 - 1))

0724 _ 1.36225.

Thus, y'(2) =~ 0.36225.
To evaluate y“(2), let us take h = 1. Then, we have the following central

difference table.

x y 8y 52y 83y &ty
0 6.9897

0.4139

7.4036 -0.0360
0.3779 0.0047

7.7815 -0.0313 0.0029
0.3466 0.0076

8.1281 -0.0237
0.3229

8.4510

1
h2

y'(2) ~ —(52y(2) - %543/(2)) = = (~0.0313 — = x 0.0029) = —0.0315.

Thus, y"(2) = —0.0315 and y'(2) ~ 0.36225.
Remark:

There is another formula:
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(Nf'C) =3 (18 G) = gu8* F () + 3516°F () = .. ),

where

uSf(x) = of (x+5):5f () |

o (s+8)19°1c-2)
2 ]

us>f(x) =

o (s+3)19°1c-2)

us>f(x) =

Let us apply this formula to the previous example to evaluate y'(2). Take h = 1,

and consider the central difference table constructed in the solution of the previous

example.
sy (2)+sy (2
U8y (x) = y(z)z y(3) _ 0.3466-2|-0.3779 036225,
§3y(2)+s3y (2
U83y(x) = y(3)+63(3) _ 00076400047 _ o oneoe

2 2

Therefore, we have
: 1 1 o3 1 1
y'(2) ~ =8y () — u8y(2) ) = 1(0.36225 — = x 0.00615) = 0.361225.

Thus, we have y'(2) =~ 0.361225.
Thus, we may use the formula (7) instead of (5) to find first order

derivatives. We may use the formula (6) to find second order derivatives.
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We had described methods to find derivatives at node points x, + ih.
However, to find derivatives at non-node points, we need the next technique based
on interpolating polynomials. The next technique is applicable also for node
points.

Numerical differentiation based on interpolating polynomials:

Suppose that the values of a function f(x) are given at the (n + 1) distinct
nodes xg,X1,...,X,. Suppose f(x;)=fi=y;,. Let p,(x) be any (the)
polynomial of degree < n, which interpolates f(x) at the nodes xg, x1, ..., X,,.
That is, p,(x;) = f(x;), for i =0,1,2,...,n. The polynomial p,(x) may be
taken in Lagrange’s form or in Newton’s divided difference form (or in Newton’s
forward (or) backward difference form, if points are equispaced). Then we have a
fundamental assumption: f(x) = p,(x), to have interpolations. We extend this
idea to find derivatives. We assume that f'(x) = p,,(x),f (x) = p, (x), f (x) =
Py, (%), ..., to find derivatives.

Example:

Find f£'(0.25) and f'(0.22) from the following data by using an interpolating

polynomial.
X 0.15 0.21 0.23 0.27
y = f(x) 0.1761 0.3222 0.3617 0.4314

Solution: We first construct the divided difference table for the given data.
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x fll flu] fl,] fl]

0.15 0.1761

2.4350
0.21 0.3222 -5.7500

1.9750 15.6250
0.23 0.3617 -3.8750

1.7425

0.27 0.4314

Let us take x, = 0.15, x; = 0.21, x, = 0.23, x3 = 0.27. Then, f[x,] = 0.1761,
flxo,x1] = 24350 , flxo,x1,x,] = —=5.7500 , f[xg, %1, %y, %3] = 15.6250 .
Therefore, the Newton divided difference polynomial is

p3(x) = flxol + (x — x0) f [x0, 211 + (x — x0) (x — x1) f [x0, %1, 2] +

(x — x0) (x — 21) (x — x2) f [%0, X1, X2, x3].

Then

f'(x) = p3(x) = flxg, 211 + {(x — x0) + (x — x1)}f [x0, %1, %] + {(x — x) (x —
x3) + (x — x0) (x — x3) + (x — x0) (x — x2)}f [%0, X1, X2, x3].

Therefore,

£'(0.25) =~ p3(0.25) = 2.435 + {(0.25 — 0.15) + (0.25 — 0.21)} x (=5.75) +
{(0.25 —0.21)(0.25 — 0.23) + (0.25 — 0.15)(0.25 — 0.23) + (0.25 —

0.15)(0.25 — 0.21)} X 15.625 = 1.7363.
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Also,

£'(0.22) = p3(0.22) = 2.435 + {(0.22 — 0.15) + (0.22 — 0.21)} X (—=5.75) +
{(0.22 = 0.21)(0.22 — 0.23) + (0.22 — 0.15)(0.22 — 0.23) + (0.22 —
0.15)(0.22 — 0.21)} x 15.625 = 1.9734.

Thus, we have f'(0.25) ~ 1.7363 and f'(0.22) ~ 1.9374.

Example:

Use the Lagrange’s interpolation polynomial fitting the points y(1) = -3,
y(3) =0, y(4) = 30, y(6) = 132 to find y'(5) and y"(5).

Solution: The given data can be arranged as follows.

X 1 3 4 6

y=ykx) |-3 0 30 132

The Lagrange’s interpolation polynomial is

(x—D(x-3)(x—-6)

_ (x=3)(x—4)(x—6) . (x—1)(x—4)(x—6)
b3 (x) o (1-3)(1—-4)(1-6) X ( 3) T (3-1)(3—4)(3-6) X0+ (4-1)(4-3)(4—-6) x 30 +
x-1D(x-3)(x—4) _1. 3 2
6—D =61 X 132 = 2( x° 4+ 27x“ —92x + 60).
y'(x) = p3(x) = (—=3x% + 54x — 92) . Therefore,  y'(5) ~ p3(5) =

S(-3x52454x5-92) =54. y'(x) ~p;y(x) = (~6x +54). Therefore,
y"(5) = p3(5) = %(—6 X5+54)=12. Thus, we have y'(5)~ 54 and

y'(5) = 12.
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Remark:

One may find that Newton’s polynomial has more computational advantages
than Lagrange’s polynomial.
Specific differentiation formulae:

Suppose that x; = xy + ih for a step length h > 0. Assume that the
function values f(x;) = f; = y; are given at these equispaced points x; . The
relations (1), (2), (3), (4), (5), (6), and (7) given in the beginning of this chapter

give the following relations:

' (x1)— (
f(xO) _Af( )_fxl —f(x0) fxl) f(xo)

h X1—Xg

fn(xo) ~ AZf( ) — f(xZ) Zf(x1)+f(x0) f(xz)—Zf(x1)+f(x0) .

h2 T (rp—x)(x1—x)

fGt) ~ 2Vf () = L Cam) [T Cac),

h Xpn—Xp-1

f"(xn) ~ vZf(xn) — f(xn) Zf(xn 1)+f(xn 2) f(xn)—Zf(xn_1)+f(xn_2)

h? (n=xp-1)(Xn_1—Xn_2) .
h h
f(x) ~ %Sf(x) = f(x+2)hf(x 2 (or; f'(x) = (x+h)2_hf(x_h) on replacing h by
2h).

" +h 2 + h
f(X)"’ 52f()—f(x )— ];l(zx) flx— )

Such specific formulae may be applied to find numerical derivatives at node

points. We shall use such specific formulae to solve differential equations in

Chapter 6.
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Example:

Evaluate cos(0.19) by using the formula f'(x)zf(xJ’h)z_hf(x_h) and the

following table.

X 0.17 0.19 0.21

sin x 0.16918 0.18886 0.20846

Solution: Here f(x) =sinx and f'(x) = cosx. Take h = 0.02. Then,

£(0.21)—f(0.17) _ 0.20846—0.16918 __ 0.03928
2x0.02 o 0.04 T 0.04

c0s(0.19) = £'(0.19) ~ = 0.982.

Thus, we have cos(0.19) = 0.982.

Example:

y(x+2h)—2y(x+h)+y(x)

Evaluate y"(0.3) by using the formula y'(x) = — and the
following table.
X 0.1 0.2 0.3 0.4 0.5 0.6

y(x) |2.631 3.328 4.097 4.944 5.875 6.896

Solution: Take h = 0.1. Then,

y(0.5)-2y(0.4)+y(0.3) _ 5.875—2x4.944+4.097
(0.1)2 - 0.01

y'(0.3) = = 8.4 . Thus, we have

y"(0.3) =~ 8.4.
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Final Remarks:

These specific differentiation formulae mentioned above clearly reveal that
we can design our own formulae for numerical differentiation such that in the
limiting cases we do have exact value for differentiation. However, it should be
mentioned that all formulae mentioned in this chapter are classical formulae, and
they had been designed in view of deriving error analysis for these formulae.
Exercises:

(1) Find the first derivative of f(x) at x = 0.4 from the following table:

X

0.1

0.2

0.3

0.4

f(x)

1.10517

1.22140

1.34986

1.49182

(2) Find the second derivative of f(x) at x = 1.3 from the following table:

X

1.3 1.5

1.7

1.9

2.1

2.4

f(x)

2.9648

2.6599

2.3333

1.9922

1.6442

1.2969

(3) A slider in a machine moves along a fixed straight rod. Its distance s cm

along the rod is given below for various values of time t seconds. Find the

velocity of the slider and its acceleration when t = 0.3 seconds.

0.0 0.1

0.2 0.3

0.4

0.5

0.6
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S 3.013 3.162 3.287 3.364 3.395 3.381 3.324
(Hint: velocity = Z—i ,acceleration = Z—ij . Use central difference formulae.)
(4)Find y'(2.5) and y"'(—1.5) from the following data:
X -2 -1 2 3
y(x) -12 -8 3 5
(Hint: Use an interpolating polynomial.)
(5) Given the table of values
X 150 152 154 156
Vx 12.247 12.329 12.410 12.490
evaluate 2\/% by using the formula f'(x) ~ f(x+h)2_hf(x_h) . (Hint: %E = %
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CHAPTER-5

Numerical Integration

Let us recall the definition of the Riemann integration. The Riemann integral

ff f(x)dx is the limit of the sums

(1) Zévz_olf(ai)(xiﬂ - x;)

where a=xy<x; <xy < <x, =b, and «; € [x;,x;41]; a8 max; (x;;1 —

x;) > 0. Write h = —,and (x;4; —x;) = w;h. Then (1) can be written as

Ef(a)wh—(b—a)z ) @)

i=
where

N-1 N— 1( 1
Wl l+1
— = X(b-a)=1
N v <0

i=0 i=0

Therefore, if we write A; = % then (1) is further reduced to the form (b —
a) YVt f (), where ¥N 1A, = 1. Thus, we have

@[ f)dx ~ (b — ) T 4 f (@)

where 0 < A; < land YNV '2, = 1.
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Some formulae of the type (2) will be used to evaluate an approximate value
for integration. In this chapter, five numerical integration rules, or, formulae (or;
numerical quadrature rule, or, formulae) are presented. All of them are of the type
(2). They are: (i) Trapezoidal rule, (ii) Simpson’s (1/3)-rd rule, (iii) Simpson’s
(3/8)-th rule, (iv) Boole’s rule, and (v) Weddle’s rule.

We omit the derivations of these rules. For example, if p,(x) is an

interpolating polynomial of f(x), then we may assume that fabf(x)dx ~

fab p, (x)dx to derive a formula. If an integration rule is of type (2), we may derive

A; under the assumption that the rule (2) is exact for polynomials of degree < n.
There are some more derivation methods to derive formulae for numerical
integrations.

Boole’s formula:
b 2h
J, Fedx = {7f (xo) + 32f Ce) + 12 G + 32f (x3) + 7f (xa)},
where xg=a, x4, =b, h=¥ , Xy=a+h=xy+h, x, =x9+ 2h, and

X3 = Xp + 3h.

Weddle’s formula:
[ FOOdx = Z{f (o) + 5F0) + f(02) + 6 (x3) + F(xa) + 57 (x5) + f ()},

where x, = a, x; =b,h=b%a,and x; = xo +ih for i=0,1,2,3,4,5,6.
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Trapezoidal rule:
Write h = b%a , Where N is a given positive integer. Write xo = a, xy =

b, and x; =xy+ihfor i=0,1,2,..,N. Then the trapezoidal rule with N
subintervals or (N + 1) node points is

() [7 FOdx = 2 [F (o) + 2{f (1) + F(2) + -+ FOov—n)} + F )],
If we take N = 1, then this formula reduces to

@[, fFdx ~ (b —a) x T
which represents the area of the trapezium formed by x-axis, the ordinates
x = a,x = b, and the straight line joining the points (a, f(a)) and (b, f(b)). The

formula (2) is said to be in simple form and the formula (1) is said to be in

composite form. The formula (1) can be derived by applying (2) to each
fxxii_ _ f(x)dx and by finding the sum ¥V, fx’i"_l f(x)dx = fab f(x) dx.
Simpson’s (1/3)rd rule:

Write h =bZ;Na, where N is a given positive integer. Write x, = a,
Xy =b, and x; =xy+ihfor i=0,1,2,..,2N. Then the Simpson’s (1/3)rd
rule with 2N subintervals or (2N + 1) node points is

(3) [ f)dx = (£ (o) + 4{F (ry) + f(as) + fxs) +++ + f (-1} +
2{f (xz) + f(x4) + -+ fOan—2)} + f Ce2n)].
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If we take N = 1, then this formula reduces to

(b—a) a+b

@ J, Fedx ~ =2|f(@) + 4f (=) + £()|

The formula (4) is said to be in simple form and the formula (3) is said to be in

composite form. The formula (3) can be derived by applying (4) to each

f;i_l f(x)dx and by finding their sum.

Simpson’s (3/8)th rule:
Write h =b3;Na, where N is a given positive integer. Write xy = a,

xsy =b, and x; = xy +ih for i =0,1,2,..,3N. Then the Simpson’s (3/8)th
rule with 3N subintervals or (3N + 1) node points is
5)f, FGOdx ~ 22 [Fxo) +3{(FGe) + F(x)) + (Fxg) + f(xs)) +
(fOr) + f(x)) + -+ + (f (ran—2) + f(xan—1)} + 2{f (x3) + f(x6) +
f(xo) + -+ f (xan—3)} + f (xan)].

If we take N = 1, then this formula reduces to

(b—

D@ +3f (a+=2) +3f (a+2x=2) + £(b)|.

b
6) [, f(x)dx =
The formula (6) is said to be in simple form and the formula (5) is said to be in

composite form. The formula (5) can be derived by applying (6) to each

fxx_"_l f(x)dx and by finding their sum.
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Remark:

It is possible to derive composite forms for Boole’s rule and Weddle’s rule.
However, we apply them only in their simple forms, even though we also apply the
trapezoidal rule and Simpson’s rule by their composite forms. Note that it would
be sufficient for all calculations in terms of these rules, if a function f(x) is given
only at the node points.

Example:

11 : ,
Evaluate [ T35 dx by using Boole’s rule.
Solution: The Boole’s rule is
b 2h
J, fG)dx = ={7f (xo) + 32f Cer) + 12f (x2) + 32 (x3) + 7f (x4)},
where xo =a, x4 = b, and x; = xy + ih. For the given problem, we have a =

O,b=1,h=—,xO=O,xl=%,XZ=%,X3=%, and x, = 1. Therefore, we

11 2 1 7 32 12 32 7
f_dxz_x—x<_ — + T+ 3+ >

1
140 147 14 142 141 T 90 X (7+256+8+

62.3857

18.2857 + 3.5) = = 0.6932.

Thus, we have folﬁ dx ~ 0.6932.
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Example:

Apply Boole’s rule to the interval [0, 2] and to the interval [1/2, 1], separately, and

1 dx.
hence evaluate [ —

Solution: The Boole’s rule is

[ Fdx = Z{7f () + 32f (xr) + 12f (x5) + 32f (x3) + 7f ()},

where xo = a, x4 = b, and x; = x¢ + ih.

1 dx

. 1/2 dx
Write I; = o and I, = f1/21

. By Boole’s rule, we have

1
1/2 dx 2 50 12 32 7
I = —x —XE—X —+ +—+—+— =—>< 7+
1 fO 1+x 457 4 40 14 14 142 14 180 (
72.9838

= 0.4055.
180

28.4444 + 9.6 + 23.2727 + 4.6667) =

1
_(t 4 2 15 7 32 1 327\ _
L=t s X<E+F+-+1+9+E2+1+1>—180X(46667+

48.2828

19.6923 + 6.8571 + 17.0667) = 80

= 0.2682.

Therefore, |/ . =1, + 1, = 04055+ 0.2682 = 0.6737 . Thus, we have

1 dx

01—~06737

Example:

Evaluate f f (x)dx from the following table, by using Boole’s rule.

X 1.2 1.3 1.4 1.5 1.6
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f(x) 0.9320 0.9636 0.9855 0.9975 0.9996

Solution: The Boole’s rule is

[ F)dx = 2 {7f (o) + 32f (1) + 12f (x,) + 32f (x3) + 7f (xa)}:
Here xo=a=12,x1=13,x,=14,x3=15,x,=b=1.6, and h=0.1.

Therefore, we have

[y FQ0) dx ~ 222 % (7 x 0.9320 + 32 X 0.9636 + 12 X 0.9855 + 32 %

0.2

0.9975 + 7 x 0.9996) = =

X 87.8324 = 0.3904.

Thus, we have [ f(x)dx ~ 0.3904.
Example:
Evaluate f00'4 f(x)dx and f(ff f(x)dx by using Boole’s rule from the following

table.

x |0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

f(x) |02 |03 |04 |05 |06 |07 |08 |09 |10

Hence find foo'g f(x)dx .

Solution: The Boole’s rule is

[ Fdx = Z{7f (o) + 32f (1) + 12f (x5) + 32f (x3) + 7f ()},

where xq = a, x4 = b, and x; = xy + ih.
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Jot Fadx ~ 22 x (7% 0.2 +32 X 03+ 12 X 0.4+ 32X 0.5 +7 X 0.6) =
= X362 = 0.1609.

foy fG)dx = ZXO1><(7><06+32><07+12><08+32><09+7><10)—
=x72=032,

Therefore,  [° f(x)dx ~ 0.1609 +0.32 = 0.4809 .  Thus, we have

[ F()dx ~ 0.4809.

Example:

1 dx

Apply Weddle’s rule to evaluate et

Solution: Weddle’s rule is
[ FOOdx = T {f (o) + 5 () + f(02) + 6 (x3) + F(xa) + 5f (x5) + f ()},

b—a . 1
T,and x; = xo +ih. Here f(x)—m,a—

where xy=a, x, =b, h =
1-0

Xo=0,and h =
6

1
=< Therefore, we have

1 dx 1 5 1 6 1 5 1
—>< X|—+—=1+—+—+—+—=+—]|==x
0 1+x 10 <1+o The 142 145 1 14 1+1> 20

13.863

(1+4.2857+0.754+4+0.6+2.7273 +0.5) = = 0.69375.

Thus, we have foll‘% ~ 0.69375.
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Example:

Evaluate f00'6 f (x)dx from the table

X 0 0.1 0.2 0.3 0.4 0.5 0.6

f(x) |04 0.5 0.6 0.7 0.8 0.9 1.0

by using the Weddle’s rule.

Solution: Weddle’s rule is

fabf(x)dx = %{f(xo) +5f(x1) + f(x2) +6f(x3) + f(xg) + 5F(xs) + f(x6)},

b— , 1
where x, = a, x6=b,h=Ta,and x; = xo +ih. Here f(x)=m,a=

X9 =0,b=x5 =0.6,and h = 0.1. Therefore, we have
0.6 3x0.1
fo fx)dx ~—x (04+5%x054+06+6%x07+08+5%x09+1)=

10

0.03 x14 =042.
Thus, we have f00'6f(x)dx ~ 0.42.

Example:

Find approximate values of fon sinx dx, by using (i) Trapezoidal rule, (ii)
Simpson’s 1/3 rule (or simply: Simpson’s rule), (iii) Simpson’s 3/8 rule, by
dividing the range of integration into 6 subintervals (7 point formulae).

Solution: (i) The trapezoidal rule with 6 subintervals is

b
h
[ £00 dx = S Go) + 20£G) + £ ) + F) + £Gxa) + FGx)) + )]
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b— . .
where x, = a, x6=b,h=7a, and x; =xy+ih. Here, f(x)=sinx,

a=xy=0,b=xs=mand h = ﬂ6;0 = %. We take m ~ 3.1415. Therefore,

T T T 27 37 41 5m
sinx dx ~ — X [sin 0+ 2 X {sin— sin— + sin— 4+ sin— + sin —}
fO 6X2 + 6 t+ 6 t+ 6 t+ 6 t 6 t

_ 3.1415

sin n] =—]7 X [0+ 2 x{0.5+0.8660 + 1 + 0.8660 + 0.5} + 0] ~ 1.9540

Thus, we have fon sin x dx ~ 1.9540.

(11) The Simpson’s 1/3 rule with 6 subintervals is

b
h
ff(x)dx ~3 [f (o) + 4{f (x1) + f(x3) + f(x5)} + 2{f (x2) + f(xa)} + f(x6)]

bh— . .
where x, = a, x6=b,h=Ta, and x; =xo+ih. Here, f(x)=sinx,

a=xy=0b=xs=mand h = ”T_O = % We take 7 ~ 3.1415. Therefore,

T, T . . T . 3m . 5w . 2m
fo sinx dx = — X [smO + 4 X {sm—+ sin— + sm—} + 2 X {sm—+
6x3 6 6 6 6

31415

sin ‘%”} + sin n] =222 X [0+4x {05+ 1+ 0.5} + 2 x {0.8660 + 0.8660} +

0] ~ 2.0008. Thus, we have [ sinx dx ~ 2.0008.
(i11) The Simpson’s 3/8 rule with 6 subintervals is
’ 3h
ff(x)dx ~ g f (o) + 34 (1) + fCe2) + fa) + f ()} + 2{f (x3)}
+ f(x6)]
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b— . .
where x, = a, x6=b,h=Ta, and x; =xy+ih. Here, f(x)=sinx,

| o

a=xy=0,b=xs=m and h ==

- =%. We take 7 ~ 3.1415. Therefore,

fsmx dx~%><[51n0+3><{sm +51n—+51n—+51n }+2><

{sm 36 } +sinT ] 3. 11‘;15 % [0 + 3 x {0.5 + 0.8660 + 0.8660 + 0.5} + 2 x {1} +

3.1415

0] = X 10.196 = 2.0019. Thus, we have [’ sinx dx ~ 2.0019.
Example:

From the following data, estimate the value of fls logx dx by using Simpson’s

1/3 rule (or; Simpson’s rule).

x (1.0 |15 2.0 2.5 3.0 3.5 4.0 4.5 5.0

f(x) |0 0.4055 | 0.6931 | 0.9162 | 1.0986 | 1.2528 | 1.3863 | 1.5041 | 1.6094

Solution: For the given problem a=x,=1,b=x3=05, and h=0.5. The

corresponding 8 subintervals Simpson’s 1/3 rule for the given problem becomes

fls logx dx = 03;5 X [log1+ 4 % {log1.5 +log 2.5 + log 3.5 + log 4.5} + 2 X

{log2 +log3 + log4} + log5] = — % [0 + 4 x {0.4055 + 0.9163 + 1.2528 +
1.5041} + 2 x {0.6931 + 1.0986 + 1.3863} + 1.6094] ~ 4.0467.

Thus, we have fls logx dx =~ 4.0467.
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Example:
Evaluate fol f (x)dx by using the trapezoidal rule, where values of f(x) are given

in the following table.

X 0 1/4 1/2 3/4 1

0.9412 0.8 0.64 0.5

f) |1

Solution: Here a=xy=0,b=x4,=1, and h =1/4. The 4-subintervals

trapezoidal rule gives
I F@x = i x [f@ +2{f () +£ () + £ ()} + 0] =5
[1+2x{0.9412 + 0.8 + 0.64} + 0.5] = 0.7828. Thus, we have [ f(x)dx ~

0.7828.

Example:

Evaluate f00'9 f(x)dx from the table

X

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

f(x)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

by using Simpson’s (3/8)th rule.

Solution: Here a=xy=0, b =x9=0.9, and h =0.1.

Simpson’s (3/8)th rule gives
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[y7 fa)dx ~=x 0.1 x [0.1+3 X {02+ 0.3+ 0.5+ 0.6+ 0.8+ 0.9} + 2 x

0.4+ 0.7} + 1.0] = 08—3 x [0.+8.4 + 2.2 + 1.0] = 0.43875 .

[37 f(x)dx ~ 0.43875.

Example:

Thus,

we have

Find the area bounded by the curve y = f(x), x-axis, and the ordinates x = 7.47

and x = 7.52, where f(x) is given in the following table.

X 7.47 7.48 7.49 7.50 7.51 7.52
f(x) 1.93 1.95 1.98 2.01 2.03 2.06
Use the trapezoidal rule.
7.52

Solution: The required areais [, f(x)dx. The 6 point trapezoidal rule gives:

7.;17
f77_f72f (x)dx ~ %[f (7.47) + 2{f(7.48) + f(7.49) + f(7.50) + f(7.51)} +

£(7.52)] = Ozﬂ [1.93 + 2 x {1.95 + 1.98 + 2.01 + 2.03} + 2.06] = 0.0996

Thus the required area is 0.0996.

Example:

A solid of revolution is formed by rotating a curve y = f(x) about x-axis between
the planes x = 0 and x = 1. Estimate the volume of this portion, where f(x) is

given in the following table.

b 0.00 0.25 0.50 0.75 1.00
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y = f(x) |1.0000 0.9896 0.9589 0.9089 0.8415

Use the Simpson’s rule (that is, Simpson’s 1/3 rule).
Solution: The required volume is V = nfol y? dx = nfol(f(x))z dx.
Therefore, by the Simpson’s 1/3 rule, we have

V= [{(F@))? dx = m x5 X [(F(0)? + 2{(f(0.5)%} + 4{(f(0.25)) +

(£(0.75))2} + (F(1))?] = 7 X 03—25 x [12 + 2 x {0.95892} + 4 x {0.9896% +

0.9089%} + 0.84152%] ~ 2.8192.

Thus, the required volume is 2.8192.

Example:

A missile is launched from a ground station. The initial velocity at time t = 0 sec
iIs 0 m/sec. The acceleration a during its first 80 seconds of flight, as recorded,

is given in the following table.

t (sec) |0 10 20 30 40 50 60 70 80

30 31.63 |33.34 |35.47 |37.75 [40.33 |43.25 |46.69 | 50.67

m

a ()

sec?

Compute the velocity of the missile when t = 80 seconds, by using Simpson’s 1/3

rule.
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80 dv

Solution: Note that Z—: =a, and hence v(80) —v(0) = [ — dt = f080a dt.

0

Therefore, v(80) = fOBOadt, because the initial velocity v(0) = 0. Thus, we
have to find the required velocity f080 a dt . By Simpson’s 1/3 rule,

fy adt ~3[a(0) + 4{a(10) + a(30) + a(50) + a(70)} + 2{a(20) + a(40) +

a(60)} + a(80)] =7 X [30 + 4 x {31.63 + 35.47 + 40.33 + 46.79} + 2 x

{33.34 + 37.75 + 43.25} + 50.67] = 3086.1 m/sec.

Thus, the required velocity is 3086.1 m/sec.

Final Remarks:

We can draw the following conclusions from the examples discussed above.
Numerical integrations are applicable when there is no analytic formula for
integration for an integrand of integration or when the integrand values are given
only at finitely many nodes. One can design numerical integration rule according
to the nodes for which integrand values are known for practical purposes; based on
the definition of Riemann integration.

Exercises:

(1) Find the area bounded by the curve y = 1i1 , x-axis and the ordinates
%2

X

x=0and x = 1.
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(2)Find fjlle_" dx by using (i) Boole’s rule, (ii)) Weddle’s rule, (iii)
Trapezoidal rule with 8 subintervals, (iv) Simposon,s 1/3 rule with 8

subintervals, and (v) Simpson’s 3/8 rule with 9 subintervals.

(3) Evaluate the integral f06(f(x))2 dx from the following table.

X 0 1 2 3 4 5 6

foo) |1 0 1 4 9 16 25

Use (1) Weddle’s rule, (i1) Trapezoidal rule, (iii) Simpson’s 1/3 rule, and (iv)

Simpson’s 3/8 rule.

Also find f04(f(x))3 dx, by using Boole’s rule.

(4) Find an approximate value for fol e™*" dx.
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CHAPTER-6

Numerical Solutions of Ordinary Differential Equations

The differential equation y =y has the solutions y = ce*, where c is any
constant. But, the differential equation along with the condition y(0) = 1 (That
is, the value of yis 1 at x = 0) fixes a unique solution y = e*. Numerical
solutions are approximate solutions given at finite number of nodes. We should
get a fixed solution, when we are about to search for a numerical solution. Without
fixing only one solution for searching, we cannot begin a numerical searching
process. To ensure this fixedness, we have to impose one condition, and we
usually fix a condition called “initial condition” along with the differential
equation.

We write a solution of a differential equation as y = y(x) or simply y(x),
where x is the independent variable and y is the dependent variable.

The general form of a first order initial value problem is:
Z—z=f(x,y);y(x0)=yo. The condition y(xy) =y, is called the initial

condition. This means that the value of yat x = xyis y,. We shall discuss

several methods to solve an initial value problem.
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Euler Method:
Consider an initial value problem: y' = f(x,y),y(x,) =y, . Let h > 0 be
a given step length. Write x; = x, +ih, i =0,1,2,..... Let y; = y(x;) denote

the value of the solution function y(x)at x =x; . Let y; =y'(x;) and f;, =

YVit1~Yi

f(x;,v) = f(x;, y(x;)). We have derived a formula in Chapter 4: y, ~ .

Substitute this in the given equation y;, = f(x;, y;) to get yl%_yl ~ f(x;,y;) or

(D) Yir1 = ¥ + hf (x5, 31).
Substitute the given initial condition y(xy) =y, in the R.H.S. of (1) to get
y1 = y(xq). Substitute y; in the R.H.S. of (1) to get y, = y(x,). Substitute y,
in the R.H.S. of (1) to get y; = y(x3). We proceed in this way until we get
solution in a required interval [x,, b] at all the node points x; inside the interval.
The formula (1) is called Euler’s formula (method).
Example:
Solve the initial value problem y = —y, y(0) = 1 on the interval [0. 0.04] with
h = 0.01 by using Euler’s method.
Solution: Here f(x,y) = —y,x, =0, and y, = 1. The Euler’s formula y;,; =
yi + hf (x;,y;) becomes  y; 4~y —001y; =099y, . Then y(x) =

y(0.01) =y; =099y, =099 , vy(x;)=y(0.02) =y, ~0.99y; =0.99 x

125|Page



0.99 = 0.9801 , y(x3) = y(0.03) = y; ~ 0.99 y, = 0.99 X 0.9801 = 0.9703 ,
y(x,) = y(0.04) = y, ~ 0.99 y; = 0.99 X 0.9703 = 0.9606.
Answer:  y(0) =1, y(0.01) ~ 0.99, y(0.02) ~ 0.9801, y(0.03) ~ 0.9703

(0.04) ~ 0.9606.

Example:
Solve Z—z ﬁ on the interval [0, 0.1] subject to: y = 1 at x = 0. Use Euler’s

method with h = 0.02.

Solution: Here x, =0, y,=1, and f(x,y) = % . The Euler’s formula

Yis1 = y; + hf (x;,y;) becomes y;,.; = y; + 0.02 x Lt - . Therefore,

lxl

_ _ Yo—Xo _ 1-0
y(x1) = y(0.02) =y; = yy + 0.02 Xx —— oire = 1+ 0.02 % i 1.02,
_ yi—x1 1.02-0.02
y(x,) =vy(0.04) =y, = y; + 0.02 X —— e = 1.02 + 0.02 x 7007 = 1.0392,
_ o Yo—X3 _ 1.0392-0.04
y(x3) = y(0.06) = y; = y, + 0.02 X e 1.0392 + 0.02 % To3977001 =
1.0577,

Y3 X3 _ 1.0577-0.06
y(x4) = y(0.08) =y, = y3 + 0.02 x —— —— = 1.0577 + 0.02 X X s 000 =
1.0738,

_ e Va—X4 _ 1.0738-0.08 _
y(xs) = y(0.1) = y5 = y, + 0.02 X —y4+x4 = 1.0738 + 0.02 % To7387008 =

1.0910.
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Answer: y(0) =1, y(0.02) = 1.02, y(0.04) ~ 1.0392 , y(0.06) =~ 1.0577 ,
y(0.08) ~ 1.0738, y(0.1) ~ 1.0910.
Remark:

The answer of the previous example suggests that O is the initial point and
hence y(0) = 1 may be considered as initial condition given at the initial point.
This gives a reason for the name initial value problem. Boundary value problems
have conditions on boundary points of the region in which solutions are
considered.

Runge-Kutta methods:

There are many Runge-Kutta methods to solve a first order initial value
problem. We present only two Runge-Kutta methods. One is a second order
Runge-Kutta method. Another one is a fourth order Runge-Kutta method. The
term “order” is the “order of the errors”. In general, higher order methods are
better than lower order methods. Euler method is a first order method. So, the
methods to be presented in this section are better than Euler method. Euler method
is also “a” first order Runge-Kutta method (according to general formats of Runge-
Kutta methods).

Consider a first order initial value problem: y = f(x,y),y(xo) = v, .
Consider a step length h > 0. Write x; = xo +ih, y; = y(x;) and y; = y'(x;).

Then “a” second order Runge-Kutta method is
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Yi+t1 =Vi t %(lﬁ + k2),

where ky = h f(x;, ;)

and k, =h f(x; + h,y; + k).

“A” fourth order Runge-Kutta method is
Yit1 =Y t %UH + 2ky + 2k; + ky)
where

ki =hf(x, ),

ky = hf(xi +%:)’i +kz_1)’

ks =hf(x +5,y +2)

ky=hf(x; +hy +k3).

These two methods are called the second order explicit classical Runge-

Kutta method and the fourth order explicit classical Runge-Kutta method. Let us

now apply these methods to solve problems.

However, other specific (Runge-

Kutta) methods may also be given and used to solve problems.

Example:

dy

Given =Y x,y(0) = 2; find the solution in the interval [0.0.4] by using a

second order Runge-Kutta method with h = 0.1.

Solution: A second order Runge-Kutta method is

128 |Page



Yit1 =Y t %(lﬁ + k),

where k; = h f(x;,y;)

and k, =h f(x; + h,y; + k).

For the given problem, we have f(x,y) =y —x,x,=0,y, =2and h=0.1.
Then the method becomes y;,1 =y + %(kl + k,) where kq = 0.1 X (y; — x;)
and k, = 0.1 X (y; + k; —x; — 0.1).

To find y(0.1) = y;:

ki =0.1% (yg —xp) = 0.1 x(2—0) =0.2,

ky =01x% (yp+k;—x—01)=01%x(2+02-0-0.1) =0.21,

y(0.1) = y1 ~ yo +5 (s + kz) = 2+5(0.2 + 0.21) = 2.2050.

To find y(0.2) = y,:

ky =0.1x (y; —x;) = 0.1 % (2.205 — 0.1) = 0.2105,

ky =0.1% (y; + k; —x; — 0.1) = 0.1 x (2.205 + 0.2105 — 0.1 — 0.1) =
0.22155,

y(0.2) = y, ~ y, +%(k1 + ky) = 2.205 +§(0.2105 +0.22155) ~ 2.4210.

To find y(0.3) = y5:

ky = 0.1% (y, —x) = 0.1 x (2.4210 — 0.2) = 0.2221,

k, =01X%(y, + ky —x, —0.1) = 0.1 X (2.4210 + 0.2221 - 0.2 —-0.1) =
0.23431,
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y(0.3) = y3 ~ v, +§(k1 +k,) = 2.421 +§(0.2221 +0.23421) ~ 2.6492.

To find y(0.4) = y,:
ky = 0.1 x (y3 —x3) = 0.1 X (2.6492 — 0.3) = 0.23492,
ky =0.1% (y3 + k; —x3 —0.1) = 0.1 x (2.6492 + 0.23492 — 0.3 — 0.1) =

0.248412,
1 1
y(0.4) = y4 = y3 +5 ey + kz) = 2.6492 +-(0.23492 + 0.248412) ~ 2.8909.

Answer:  y(0) =2, y(0.1) ~ 2.2050 , y(0.2) ~ 2.4210 , y(0.3) ~ 2.6492 ,
y(0.4) ~ 2.8909.

Example:
Find the solution of the initial value problem % =1+y?, y(0) =0 in the

interval [0.0.4], by using a fourth order Runge-Kutta method with h = 0.2.
Solution: A fourth order Runge-Kutta method is

Yiv1 =Y t %(lﬁ + 2ky + 2k + ky)

where

ki =h f(x,y:),

ko =hf(x+2,y +9),

ks=hf(x+55+%2)

k4_ = hf(xl +h,yi +k3)
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For the given problem, we have f(x,y) =1+ y% x,=10,y, =0, and h = 0.2.
Therefore, the method becomes y;,1 =1y; +%(k1 + 2k, + 2k, + k4) where

2 2
ki = 02X (14 y2),Jep = 02 (14 (v +2) ). ks =02 (14 (w +2) ),

and k, = 0.2 x (1 + (y; + k3)?).

To find y(0.2) = yy:

ki =02x 14y =02x(1+0%=0.2,

ky = 0.2 X (1 + (o + "2—1)2) =02 x (1 +(0 +°2;2)2) = 0.202,

ks = 0.2 X (1 + (o + "2—2)2) =02 x (1 +(0+ g)z) = 0.20204,

ky =02x (14 (yy +k3)?) =0.2x (1+ (0+0.20204)%) = 0.20816,

Y(0.2) = yy ~ yo + 5 (ks + 2k + 2ky + ky) = 0+ <X (0.2 + 2 X 0.202 + 2 X
0.20204 + 0.20816) ~ 0.2027.

To find y(0.4) = y,:

k= 02x% (1+y2) =0.2x(1+0.2027%) ~ 0.2082,

0.2082
2

ky = 0.2 X (1 + (v + "2—1)2) = 0.2 x (1 +(0.2027 + )2) ~ 0.2188,

ko
2

0.2188
2

ks = 0.2 X (1 + (y1 + )2) = 0.2 x (1 +(0.2027 + )2) ~ 0.2195,

ky =02x (14 (y; +k3)%) =0.2x (1+(0.2027 + 0.2195)?) = 0.2356,
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y(0.4) = y; ~ y1 + = (ky + 2ky + 2k + k) = 0.2027 + = x (0.2082 + 2 X
0.2188 + 2 x 0.2195 + 0.2356) = 0.4228.
Answer: y(0) = 0, ¥(0.2) = 0.2027, y(0.4) =~ 0.4228.
Remark:
A motivation for Runge-Kutta methods is the Euler method:
Yis1 = Vi +hfC,y) =y + hy; =y, + h X (slope at x;).

Runge-Kutta methods are
Yiv1 = Y¥; + h X (a weighted average of many slopes at points near to x;).
These methods are derived by using Taylor series expansions.
Predictor-Corrector methods:

In the previous two methods, we calculated y;.; in terms of known y;.
Such formulae are called explicit formulae. There are many formulae which
expresses y;,q1 In terms of unknown y;.; again. Such formulae are called
implicit formulae. However, on many occasions, the order of an implicit formula
may be higher than the order of an explicit formula. In such cases, one may like to
use an implicit formula instead of convenient explicit formula in order to reduce
errors. One standard way to use an implicit formula is to find (predict) an
approximate value for y;,4 by using an explicit formula, and this value may be
substituted in an implicit formula to get an improved (a corrected) value for y; 4.

The corrector method may be used again and again by giving an improved value as
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an input and by getting a further improved value. In this case, we call the explicit
formula as a predictor method and the implicit formula as a corrector method. The
combination of these two formulae is called a predictor-corrector method. We
shall discuss three types of predictor-corrector methods.

Euler’s predictor-corrector method:

Consider an initial value problem vy = f(x,y),y(xy) = y,. Write x; =
xo +ih, vy, =y(x), fi = f(x;,v;) = f(x;,y(x;)). Then, the Euler’s predictor-
corrector method is:

P:yip1 =y +h f,y)

C:yiy1 =y + g [f Gy yi) + f (Riz1, vir )]

Example:

Solve the initial value problem y' = x? + y,y(0) = 1 on the interval [0, 0.1] by
using the Euler’s predictor-corrector method with h = 0.05 correct to 4 decimals.
Solution: Here x4 =0, y, =1, h =0.05, x; = 0.05, x, = 0.1, and f(x,y) =
x? +y. Therefore, the Euler’s predictor-corrector method becomes:

P:yis1 =y +0.05 (x7 + y;)

C:yiy1 =y + % [(x? + ) + (g + vien)].

To find y(0.05) = y;:

We first apply the predictor formula.
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y(0.05) = y; = yo + 0.05(x3 + y,) = 1+ 0.05 x (0% + 1) = 1.05.
We now use the corrector formula with this predicted value.
y(0.05) = y; = yo + 0.025[(x3 + y5) + (x? + y;)] = 1 + 0.025 x

[(0% + 1) + (0.05%2 + 1.05)] = 1 + 0.025 x 2.0525

Q

1.0513 (Correct to 4
decimals).

We now again use the corrector formula with this corrected value.

y(0.05) = y; = yy + 0.025[(xZ + vo) + (x7 + y,)] = 1 + 0.025 x

[(02 + 1) + (0.05% + 1.0513)] = 1 + 0.025 x 2.0538 ~ 1.0513 (Correct to 4
decimals).

Since, we do not have a significant improvement, we take y; = y(0.05) =
1.0513.

To find y(0.1) = y,:

We first apply the predictor formula.

y(0.1) =y, = y; + 0.05(xf + y;) = 1.0513 + 0.05 x (0.05% + 1.0513) =
1.0513 + 0.05 x 1.0538 = 1.1040.

We now use the corrector formula with this predicted value.

y(0.1) = y, = y; + 0.025[(x? + y;) + (x5 + v,)] = 1.0513 + 0.025 X

[(0.05%2 + 1.0513) + (0.1 + 1.1040)] = 1.0513 + 0.025 x (1.0538 +

1.1140) = 1.1055 (Correct to 4 decimals).

We now again use the corrector formula with this corrected value.
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y(0.1) =y, = y; + 0.025[(x? + y;) + (x2 + y,)] = 1.0513 + 0.025 x
[(0.05% + 1.0513) + (0.1% + 1.1055)] = 1.1055 (Correct to 4 decimals).
Since, we do not have a significant improvement, we take y, = y(0.1) = 1.1055.
Answer: y(0) = 1, ¥(0.05) ~ 1.0513, y(0.1) =~ 1.1055.
Milne’s method:

Consider an initial value problem y = f(x,v),y(xo) =vy,. Write
xp =xo+ih, yi =y(x), fi=f(xy) =f(x,y(x)) . Then, the Milne’s
predictor-corrector method is:

4h
P:yiy1 =yis+— [2fi—2 — fi—1 + 2f}]

C:¥iy1 =Yi1 t % [fic1 + 4fi + fisal:

Note that f;,; in C involves y;,;. Note further that we need four initial values to

apply this method. If the initial value is given only at x,, evaluate the values of y

at xq,x,,x3, by using Euler’s method (or Runge-Kutta methods) before applying

this method.

Example:

Find y(2.0) by using Milne’s predictor-corrector method for the problem:

dy _ 1
x

= E(x +y). Assume that y(0) = 2, y(0.5) = 2.636, y(1.0) = 3.595, and

y(1.5) = 4.968.

Solution: The Milne’s predictor-corrector method is:
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P:yiy1 = Yi-3 + 2 [Zfz — fi-1+ 2fi]

C:Yiz1 =Yi1+3 [fl 1+ 4f; + firl.

Given: f(x,y) =% , X9 =0,h=05,x =05,x,=1.0, x3 =15, y, = 2,

y, = 2.636,y, = 3.595, y; = 4.968.

The predictor formula gives:

00 =30 30+ P 2 (42) - (222) 42 (222)] =2+

[2 % (0.5+2.636) . (1.0+23.595) 12 % (1.5+:.968)] ~ 6.8710.

2

Let us use this predicted value in the corrector formula.

y(2.0) =y, =y, + 03;5 X [(xz;ryz) + 4 (x3;ry3) + (“Tm)] = 3.595 + 03;5 X

[(1+32'595) +4 X (1'5+:'%8) + (2+6'28710)] ~ 6.8732 (Correct to 4 decimals).

Let us use this corrected value again in the corrector formula.

y(2.0) = y, ~ v, + 03—5 X [(xz;“yz) + 4 ("3;’“) + (“Zﬁ)] = 3.595 + 03—5 X

[(1+32'595) +4 X (1'5+:'968) + (2+6'28732)] ~ 6.8734 (Correct to 4 decimals).

Since we do not have a significant improvement, we take y(2.0) = 6.8734.

Answer: y(2.0) = 6.8734.
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Adams-Moulton method:
Consider an initial value problem vy = f(x,v),y(xy) = y,. Write x; =
xo +ih, v =v(x), fi = f(x,v) = f(x;,y(x;)). Then, the Adams-Moulton

predictor-corrector method is:
h
P:yiy1 =y + 57 [55f; = 59fi-1 + 37fi—2 — 9fi-3]

C: Yis1 =Y + 5= [9fipr + 19f; = 5fis + fiz).

Note that f;,; in C involves y;,;. Note further that we need four initial values to
apply this method. If the initial value is given only at x,, evaluate y;,y,,y; by
using Euler’s method (or, Runge-Kutta methods) before applying this method.
Example:

Find the solution of the initial value problem y' = %(x + y),y(0) = 2, by using
the Adams-Moulton predictor-corrector method with h = 0.5 in the interval [0, 2].
Solution: Given: f(x,y) = %(x +v),x =0,y =2,and h = 0.5.

Let us first use the Euler’s formula: y,.1 = y; + h f(x;,y;); to guess the values of

Y1,Y2,Y3-

0+2
2

y(0.5) = y; ~ yo + 0.5 ("°+y°) =2+0.5x

2 ) =25,

0.5+2.5

y(1.0) =y, ~ y + 05 (*52) =25+ 0.5 x (

. )= 3.25,

1+3.25

y(1.5) = y; ~ y, + 0.5 ("2”2) = 3.25 + 0.5 x (

. )= 4.3125.
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So, we take y, =2, y, =25, y, =3.25, and y; = 4.3125 for our further
calculations.

Let us now use the Adams-Moulton predictor formula.

y(2) = ys ~ y; + 2 x [55 (2522) — 59 (F522) + 39 (121) — 9 (22| =

43125 + - x [55 x (F22) = 59 x (52) 437 x (*222) = 9

(Oziz)] = 43125 + % x [159.8438 — 125.375 + 55.5 — 9] ~ 5.994 (Correct to

4 decimals).

Let us now use this predicted value in the Adams-Moulton corrector formula.

y(@) =ys = 3 + 35 x |9 (F52) +19 (52) - 5 (52) + (1) =

43125 + ﬁ < [9 x (2+5;994) 419 x (%) _tx (1+2.25) n (0.5-2I-2.5)] _

43125 + % X [35.9973 + 55.2188 — 10.625 + 0.75] = 6.0071 (Correct to 4

decimals).

Let us use this corrected value again in the Adams-Moulton corrector formula.
X4tYs xX31Yy3 X212 x1ty1\| _
(2)—y4~y3+—><[9( )+19( 2 ) 5( 2 )+( 2 )]_

43125 + % x [9 v (2+6.20071) +19 x (%) _ 5% (1+z.25) n (0.5;—2.5)] _

43125 + % X [36.0320 + 55.2188 — 10.625 + 0.75] = 6.0078 (Correct to 4

decimals).

Since there is no significant improvement, let us take y(2.0) = 6.0078.
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Answer:  y(0) =2, y(0.5) = 2.5, y(1.0) = 3.25, y(1.5) = 43125, y(2) =
6.0078.
The Taylor series method:

Consider an initial value problem: y' = f(x,y),v(x;) = y,. Then

" ! ! a a
y =f=]§C+fyy=]§C+fyf,wherefx=£andfy=£.

y,,,=f,,:d[fxd'|;fyf]=ﬁcx +fxyf+fyfx+[fxy -|-fyyf+fyz]y'=fxx +2ffxy +

f*hy + fely + 1 F

a%f

with y' = f, for = —— . elc. y"" = ... ... Substitute them in the Taylor series
y'(x0) v (x0)
y(x) = y(xy) + T (x —xg) + T (x —%0)% + -+ vur s

to get a solution at any x in an interval in which the series converges.
Example:
From the Taylor series for y(x), find y(0.1) correct to 4 decimal places, if y(x)

satisfies y' = x — y? and y(0) = 1.

Solution:
y =x—y*
y =1-2yy'

"

y"=—2yy" - 2y”

y(iv) — _Zyy”' _ 6yryu
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Therefore,

y(0) =1,

y'(0)=0-y(0)*=0-1*= -1,

y'(0)=1-2y(0)y(0) =1-2x1x(-1) =3,

y"(0) = =2y(0)y'(0) — 2y'(0)> = =2 x 1 x 3 = 2 x (=1)* = =8,

¥ (0) = —2y(0)y"(0) — 6y'(0)y"(0) = =2 x 1 X (—8) — 6 X (—1) x 3=34,
y@(0) = —2y(0)y @ (0) — 8y'(0)y"(0) — 6y"(0)2 = —2 X 1 x 34 — 8 X
(—1) x (—8) — 6 x 32 = —186,

Therefore, the Taylor series

0 ‘(0 "0
() = y(0) + 200 + 2052 4 X O3 4

2!
becomes

—1_ 3,2 4 3 17 4 _ 31
y(x)=1 X+ox"—2x’ —— ot
In particular, we have

al—rad,2_ 4,3 U a4 31 5
y(x) =1 X+ ox%—x” =Xt =,

and hence
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y(0.1) ~1-0.1+ % x 0.12 — g x 0.13 — % x 0.14 — % x 0.15 ~ 0.9138

(Correct to 4 decimals).
Thus, we have y(0.1) = 0.9138.

Remark:

y(xo +h) = y(x) + y’(jO) (Geo +h) —xp) . That is, y1 = yo+hf(x0,¥0) -
This may be modified as y;.4 = y; + h f(x;,y;). Thus, Taylor series leads to
Euler’s iteration formula. This approach can also be used to derive solutions at the
node points. This is illustrated in the next example.

Example:

Solve y = x +vy,y(0) = 0 on the interval [0, 0.6] with step length h = 0.2 by
using a Taylor series method.

Solution: Here f(x,y) =x+y,xy =0=y,, and h =0.2.

Dy =x+y;y =1+y =1+x+y;y =y =1+y =1+x+

Since y(0)=0, we have y(0)=0+y(0)=0+0=0,y(0)=1+0+

y0) =1,y 0)=1+0+y(0) =1, ............ Therefore, we have

y(0.2) = y©) + 5202 - 0)' + 52 02 - 0)2 + =P (02 - 0)° =

l\JIr—\

0.2%2 + % x 0.23 = 0.02 + 0.0001 = 0.0201.
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Let us use (1) again. y(0.2) = 0.0201, y'(0.2) = 0.2 + y(0.2) = 0.2 + 0.0201 =
0.2201, y'(0.2) =1+ 0.2+ v(0.2) =1+ 0.2 + 0.0201 = 1.2201, y"(0.2) =

1+ 0.2+ y(0.2) = 1.2201. Therefore, we have

y(0.4) ~ (02)+y(°2)(04 0.2)! + ”02)(04 0.2)% + y(“)(oz}—

1.2201 ><004‘4—12201

0.2)3 = 0.0201 + 0.2201 x 0.2 + X 0.008 = 0.0201 +

0.0440 + 0.0244 + 0.0016 = 0.0901.
Let us use (1) again. y(0.4) = 0.0901, y'(0.4) = 0.4 + y(0.4) = 0.4 + 0.0901 =
0.4901, y'(0.4) =1+ 0.4+ y(0.4) =1+ 0.4 + 0.0901 = 1.4901, y (0.4) =

1+ 0.4+ y(0.4) = 1.4901. Therefore, we have

y(0.6) = y(0.4) + 22 0.6 - 0.4)" + 2 (0.6 — 0.4)2 + 22 (0.6 -

1.4901 004‘_|_14901

0.4)3 = 0.0901 + 0.4901 x 0.2 + 0.008 = 0.0901 +

0.0980 + 0.0298 + 0.0020 = 0.2199.
Answer: y(0) = 0, y(0.2) = 0.0201, y(0.4) = 0.0901, y(0.6) = 0.2199.
Picard’s method of successive approximations:

This method comes under the heading “approximation”.

Consider an initial value problem: y' = f(x,y),y(xy) = y,. This problem

is equivalent to the problem: y(x) =y, + f;of(t,y(t))dt. This means that a
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solution of one problem becomes a solution of the other problem. We solve the
problem of integral equation by a fixed point iteration method.

Write yo(x) = y, forall x. Define
y1 () =y + [, f(&30(®) dt,
y2(0) = yo + [ f(t.71(®) dt,

y3(0) = yo + [ f(6,72(0) dt,

() =yo+ [ f(tyn-1(0) dt.

In general, 1y, (x) converges to a solution of the integral equation and hence a
solution of the given initial value problem as n tends to infinity. Thus, if nis
sufficiently large, then 1y, (x) is a good approximation to the solution of the given
initial value problem.

Example:

Solve y' = x + y,y(0) = 1 by using the Picard’s method.

Solution: Here f(x,y)=x+y, xy=0, yo =1. Therefore, the Picard’s

iteration formula
V(@) =yo + [, f(t,y,-1(0)) dt becomes y,(x) = 1+ [ [t + y,-1 (O] dt.
We take y,(x) =y, = 1forall x. Then
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@) =1+[ (t+1)dt—1+x+2',

2
yz(x)=1+f0x(t+1+t+%) dt =1+ x + x2 +;,

4
ys(0) =1+ [ (e+ 1+t +2+2 )dt—1+x+x + +Z’
y4(x)—1+f0 (t+1+t+t +?+Z)dt—1+x+x += +374+E’
@ =1+ (t+1+t+2+5 +i+ )dt—1+ Pl
Ys = 0 B xTx 3 | 3x4
x5 x6
3%x4x5 6!

In general, we have

x3 x4

Yo (x) =1+ x+x° + +—+

3x4 | 3x4x5 7 3x4xSx.xn | nl

x5 XN xn+1

xn+1

(n+1)!

—1+x+2{ + + + -+ }+

xn+1

(n+1)!

=2[1+5+% + + S —1-xt

—>2[1+ + + + ]—1—x+0=28x—1—x,a5n—>oo.

Thus, y(x) =2e* —1—x is the “exact” solution of the given initial value
problem.

Example:

Find an approximate solution to the problem y = x + y?, y(0) = 1, by using the

Picard’s method.
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Solution: Here f(x,y)=x+y%, x=0, yo=1. The Picard’s formula
becomes

y,(x) =1+ fox[t + (y,—1()?] dt. Take yo(x) = y, = 1 forall x. Then

2

y) =1+ (e +1°]dt =1+x+,

YZ(x)=1+f0x[ 1+t+ ]dt—1+x+ x2 +2 x +2 2% —%xF’

1 : : .
Thus, y—1+x+ x2 42 x +2 7% —Exs is an ‘“analytic” approximate

solution to the given problem.
Higher Order Equations:

We have discussed so far first order initial value problems. Let us now
explain how to extend our techniques to solve systems of first order equations, and
hence to solve higher order equations.

Consider an initial value problem:
2= floy2),

dz
= 9xy,2)

SUbjeCt to y(xo) = Yo » Z(XO) =2Zy .
Here z and y depend on a single independent variable x. The Euler method can

now be extended to solve this problem in the following form:

Yit1 =Yi + h f(x, v, 2)
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Ziy1 =2z + h g(x, ¥, 2)
where Vi = y(xi), Z; = Z(Xl') and X; = Xp + ih.
A second order initial value problem y" = F(x,y,y),y(xo) = o,y (xo) =

yo can be written as

dy _

ax X
dz
E - F(nyJZ) '

y(x0) = yo, z(xg) = )’6 -

We know how to solve this system by Euler’s method. The other methods, other
than Euler’s method, can also be extended in similar ways to solve systems of first
order equations and higher order initial value problems.

Final Remarks:

A fundamental idea in solving differential equations with conditions for
unique solutions is replacement of derivatives by difference formulae, and then
solving difference equations after simplifying the difference equations by using
given conditions with differential equations. One method based on this idea is
Euler’s method. Such methods are called in general as finite difference methods.
Finite difference methods are applicable to solve ordinary differential equations as
well as partial differential equations. For partial differential equations, partial

derivatives should be replaced by the corresponding finite difference formulae,
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when finite difference methods are applied. There are many sophisticated methods
to solve differential equations. However, almost all basic classic ideas have been
discussed in this chapter, except conversion of boundary value problems into initial
value problems and linearization of problems.

Exercises:

(1) Solve the initial value problem y = —2xy?, y(0) = 1 on the interval [0, 1]
with step length h = 0.2, by using (a) The Euler method; (b) A fourth order
Runge-Kutta method; (c) The Euler predictor-corrector method; (d) A
Taylor series method.

(2) Find the exact solution of the initial value problem y = —2xy, y(0) = 1,
by using the Picard’s method on the interval (-1, 1). Verify that the series
converges in that interval by using ratio test or root test for convergence of a

power series.
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This book is intended for those who completed school studies and who
had calculus course and trigonometry course in schools. If a student is
particular in developing a software package containing programs to solve
numerical problems, he/she should know the fundamental principles for
numerical methods. This book also fulfills this need of a student in a way
because it provides introductory formal as well as non formal methods. It
provides details in worked-out examples so that this book will also be
suitable for students who pursue online courses in introductory numerical
analysis.
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